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These lecture notes are a continuation of the notes “Bounded operators”. We develop the theory of

unbounded operators in Banach, and especially Hilbert spaces. We avoid using more advanced tools such
as locally convex topologies and applications of the Baire category theorem.

1 Unbounded operators

1.1 Relations

Let X,Y be sets. R is called a relation iff R C Y x X. We will also write R : X — Y. (Note the inversion
of the direction). An example of a relation is the identity 1x := {(z,z) : x € X} C X x X.

Introduce the “projections”
V' x X3 (y,z) = my(y,z) =y,

Y xX>3(y,x)—rnx(y,z) =z € X,

and the “flip”

Y x X 3 (y,2) = 7(y,x) = (z,y) € X x Y.

The domain of R is defined as DomR := 7wx R, its range is Ran R = 7y R, the inverse of R is defined as
R 1':=7RCc XxY. If SC ZxY, then the superposition of S and R is defined as SoR C Z x X,

SoR:={(zx)eZxX : ;/Y (z,y) €S, (y,x) € R}.
Yy
If Xy C X, then the restriction of R to Xg is defined as

Rl = RNYxX,.
Xo



If, moreover, Yy C Y, then

R = RﬂYOXXo.
Xo—Yo

We say that a relation R is right-unique, if for any 2 € X 7y (RN Y x{x}) is one-element. We say
that R has a maximal domain if DomR = X.

Proposition 1.1 a) If R, S are right-unique, then so is S o R.
b) If R, S have a mazimal domain, then so does S o R.

A right unique relation will be also called a pseudo-transformation (-operator, etc). Instead of writing
(y,x) € R, we will then write y = R(z) or, in some contexts, y = Rx. We also introduce the graph of R:

GrR:={(y,z) €Y x X : y=R(x), v € DomR}.

Note that strictly speaking Gr R = R. The difference of Gr R and R lies only in their syntactic role.

Note that a superposition of pseudotransformations is a pseudotransformation.

We say that a pseudotransformation is injective if it is left-unique. The inverse of a pseudotransfor-
mation is a pseudotransformation iff it is injective.

A transformation is a pseudotransformation with a maximal domain. The composition of transfor-
mations is a transformation.

We say that a transformation R is bijective iff it is left-unique and Ran R = Y. The inverse of a
transformation is a transformation iff it is bijective.

Proposition 1.2 Let R C X XY and S C Y x X be transformations such that RoS = 1y and SoR = 1x.
Then S and R are bijections and S = R™!.

1.2 Linear pseudooperators

Let X, ) be vector spaces.

Proposition 1.3 1) A linear subspace ¥V C Y @ X is a graph of a certain pseudooperator iff (y,0) € V
implies y = 0.
2) A pseudooperator A is injective iff (0,2) € Gr A implies x = 0.

From now on by an “operator” we will mean a “pseudooperator”. To say that A is a true operator

we will write DomA = X.

1.3 Closed operators

Let X, ) be Banach spaces.

Theorem 1.4 Let A: X — Y be an operator. The following conditions are equivalent:
(1) Gr A is closed in Y x X.

(2) If x, — x, x, € DomA and Ax,, — y, then x € DomA and y = Ax.
(3) For some p € [1,00], DomA with the norm

1
ap = ([A]]P + [[z]|7) 7.

|

1s a Banach space.



Proof. The equivalence of (1), (2) and (3) is obvious, if we note that
DomA 3> z — (Az,x) € GrA

is a bijection. O

Definition 1.5 An operator satisfying the above conditions is called closed.
We will say that A : X — ) is bounded iff
|Az| < ¢||z]|, x € DomA. (1.1)
B(X,Y) will denote all bounded operators from X to ) with the domain equal to X.
Proposition 1.6 A bounded operator A is closed iff DomA is closed.

Theorem 1.7 Let B € B(X,)) be invertible and A : X — Y closed. Then BA is closed on DomA and
AB is closed on B~'DomA.

Proof. We check that .
[2]la < max(L, B~ lzllpa,

[zlpa < max(L, || Bl|)[] 4,
[ Bz a < max(1, || B])||z| 1B

2]l ap < max(L, | B~H)[| Bz -
O

Theorem 1.8 If A is closed and injective, then so is A~L.

Proof. Theflip7:)Y x X — X x ) is continuous. O

1.4 Closable operators

Theorem 1.9 Let A: X — Y be an operator. The following conditions are equivalent:
(1) There exists a closed operator B such that B D A.

(2) (Gr A)% is the graph of an operator.

(3) (y,0) € (GrA) = y=0.

(4) (z,) C DomA, x, — 0, Az, — y implies y = 0.

Definition 1.10 An operator A satisfying the conditions of Theorem 1.9 is called closable. If the con-
ditions of Theorem 1.9 hold, then the operator whose graph equals (Gr A)?! is denoted by A" and called
the closure of A.

Proof of Theorem 1.9 To show (2)=(1) it suffices to take as B the operator A°. Let us show
(1)=(2). Let B be a closed operator such that A C B. Then (GrA)® c (GrB)® = GrB. But
(y,0) € GrB = 1y = 0, hence (y,0) € (GrA) = y = 0. Thus (GrA)® is the graph of an
operator. O

As a by-product of the above proof, we obtain



Proposition 1.11 If A is closable, B closed and A C B, then A® C B.

Proposition 1.12 Let A be bounded. Then A is closable, DomA® = (DomA)® and A% = lim, Az,
for x, — x, x, € DomA. Besides, A% satisfies (1.1).

Let A be a closed operator. We say that a linear subspace D is an essential domain for A iff D is
dense in DomA in the graph topology. In other words, D is an essential domain for A, if

(o) =

Theorem 1.13 (1) If A € B(X,)), then a linear subspace D C X is an essential domain for A iff it
is dense in X (in the usual topology).

(2) If A is closed, has a dense domain and D is its essential domain, then D is dense in X.

1.5 Perturbations of closed operators

Definition 1.14 Let B, A: X — ). We say that B is bounded relatively to A iff DomA C DomB and
there exist constants a, b such that

|Bx|| < al|Az|| + b||z|, « € DomA. (1.2)

The infimum of a satisfying (1.2) is called the A-bound of B. In other words: the A-bound of B equals

mf osyp Bl
>0 sepomay{o} |4z + cllz|

In particular, if B is bounded, then its A-bound equals 0.

If A is unbounded, then its A-bound equals 1.

In the case of Hilbert spaces it is more convenient to use the following condition to define the relative
boundedness:

Theorem 1.15 B is bounded relatively to A with the A-bound a iff DomA C DomB and

Bl 1/2
inf  sup (”233”2> < 0. (1.3)
C>0m€D0mA\{O} ||A$H +C||.’£||

If this is the case, then (1.3) equals the A-bound of B
Proof. For any € > 0 we have
1
(I Az? + 2||=[|*) ?
< [|Az|| + cf|]|
1
< (14 ) Az[® + (1 + e 72)]|2]1?) % .

a

Theorem 1.16 Let A be closed and let B be bounded relatively to A with the A-bound less than 1. Then
A+ B with the domain DomA is closed. All essential domains of A are essential domains of A+ B



Proof. We know that
| Bz|| < al|Az|| + b]|z|

for some a < 1 and b. Hence
[(A+ B)z|l + [lz]| < (1 +a)l|Az| + (1 +b)|z||

and
(1 —a)||Az[| + [|z]| < [|[Az| — [[Bz| + (1 +b)[z| < [[(A+ B)z[l + (1 + b)[=[.

Hence the norms ||Az|| + ||z|| and ||[(A + B)z| + ||z|| are equivalent on DomA. O
Theorem 1.17 Suppose that A,C are two operators with the same domain DomA = DomC = D

satisfying
(A= C)z| < a([|Az| + |C=[]) + bl|=

for some a < 1. Then
(1) A is closed on D iff C is closed on D.
(2) A is closable on D iff C is closable on D and then the domains of A and C' coincide.

Proof. Define B :=C — A and F(t) := A+ tB with the domain D. For 0 < ¢ < 1, we have
[Bz|| < a([|Az[| + [|Cz[]) + blj]|
= a(|(F@) = tB)z| + [|(F(t) + (1 = ) B)z|) + bz
< 2al|F(t)z|| + al Bz|| + blj«||

Hence

2a
B2l < | F (@) + —— el

l1-a
Therefore, if |s| < 1% and ¢,t + s € [0,1], then F(t + s) is closed iff F(t) is closed. O

1.6 Invertible unbounded operators

Definition 1.18 We say that an operator A is invertible iff A=1 € B(), X).
Theorem 1.19 Let A be closed. Suppose that for some ¢ > 0
|Az|| > ¢||z]|, = € DomA. (1.4)
Then Ran A is closed. If Ran A =Y, then A is invertible and
AT < 7

Proof. Let y, € Ran A and y,, — y. Let Az, = y,. Then z,, is a Cauchy sequence. Hence there exists
lim, o T, := . But A is closed, hence Ax = y. Therefore, Ran A is closed. O

Corollary 1.20 Let A be closed. Suppose that for some ¢ > 0
[Az]| = c||z[,

and Ran A is dense in Y. Then A is invertible



Theorem 1.21 Let A be closable and for some ¢ (1.4) holds. Then (1.4) holds for A% as well.

Theorem 1.22 (1) Let A be injective and DomB D DomA. Then B has the A-bound less than
IBAZH].

(2) If, moreover, || BA™Y|| < 1, then A+ B with the domain DomA is closed, invertible and
(A+B)™' =Y (1A~ (BATY.
j=0
Proof. Let a:= ||BA~!|. By the estimate
|Bz|| < al|Az|, = € DomA,

we see that B has the A-bound less than or equal to a. This proves (1).
Assume now that a < 1. Let

Cri=Y (-1)JA71(BAT'Y.
i=0
Then lim,,_, o, C,, =: C exists.
Let y € Y. Clearly, lim,,_,. Cr,y = Cy.
(A+ B)Cpy =y + (=1)"(BA™H)" 'y — y.

But A+ B is closed, hence Cy € Dom(A 4+ B) and (A + B)Cy = y.
If x € Dom(A + B), then

Co(A+ Bz =z+ (—1)"A"H(BA )" Az — .

Hence C(A+ B)y=y. O

Proposition 1.23 Let A and B be invertible and DomB D DomA. Then

Bl'—Al'=B"YA-B)A™L

1.7 Spectrum of unbounded operators

Let A be an operator on X. We define the resolvent set of A as
rsA:={z€C : z— A is invertible }.

We define the spectrum of A as spA := C\rsA.

We say that z € X is an eigenvector of A with the eigenvalue A € Ciff z € DomA, z # 0 and Az = Az.
The set of eigenvalues is called the point spectrum of A and denoted sp,A. Clearly, sp,A C spA.

Let C®™P denote the Riemann sphere (the one-point compactification of C). In the case of unbounded
operators it is sometimes convenient to use the “extended spectrum”, which is a subset of C°°™P_ instead
of the usual spectrum—a subset of C.

The extended resolvent set is defined as rs™*A :=rsA U {co} if A € B(X) and rs™'A :=1s4, if A is
unbounded. The extended spectrum is defined as

SpextA — Ccomp\rsextA.

If A€ B(X), we set (oo — A)~1 =0.



Theorem 1.24 (1) If A\, u € rsA, then
A=A = (=A== NA=A) (- A"

2) If \€1sA and |[(A — A)7 Y| =c, then {z: |z — A <c !} C1sA.
3) [(z—A)7Y > (dist(z,spA))_l.

4) If rsA is nonempty, then A is closed.
5) sp™tA is a compact subset of C™P,

(2)
(3)
(4)
(5)
(6)
(7)
(8)
9)

)

—~
N

— A)~L is analytic on 15 A.

2z — A)~! cannot be analytically extended to a larger subset of C™P than 1s*™<*(A).
sp™(A4) # 0

A)~! does not depend on z € rsA and equals DomA.

A)~t = {0}

7
8
9
(10) Ker(z

Ran (z —
Proof. Let us show (4). If A € rs(A4), then XA — A is invertible, hence closed. O

It is easy to define the functional calculus for unbounded operators with a non-empty resolvent set.
The definition usual definition can be repeated verbatim, replacing spA with sp®™*(A). Theorem 7?7
remains valid except that the point about convergent power series should be dropped

Proposition 1.25 Suppose that 1sA is non-empty and DomA is dense. Then DomA? is dense.

Proof. Let z € rsA. (z — A)™! is a bounded operator with a dense range and DomA is dense. Hence
(2 — A)"'DomA is dense. If z € DomA, then A(z — A)~'z = (z — A)~'Azr € DomA Hence (2 —
A)~'DomA C DomA?. O

Theorem 1.26 Let A and B be operators on X with A C B, A # B. Then rsA C spB, and hence
rsB C spA.

Proof. Let A € rsA. Let © € DomB\DomA. We have Ran (A — A) = X, hence there exists y € DomA
such that (A — A)y = (A — B)z. Hence (A — B)y = (A — B)z. Hence A € rsB. O

1.8 Examples of unbounded operators

Example 1.27 Let I be an infinite set and (a;);er be an unbounded complex sequence. Let Co(I) be the
space of sequences with a finite number of non-zero elements. For 1 < p < oo we define the operator

LP(I) D Co(I) 3z — Az € LP(I)

by the formula
(Al‘)l = Q;T;.
(We can use Coo(I) instead of LP(I), then p = oo in the formulas below). Then the operator A is
unbounded and non-closed. Besides,
spp(A) ={a; : i€},
spA = C.



The closure of A has the domain
DomA® := {(z;)icr € LP(I) : Y ;c; laiz;|P < oo} (1.5)
We then have
spp (A ={a; : i€},
spA = {a; : i€ I}
To prove this let D be the rhs of (1.5) and x € D. Then there exists a countable set Iy such that i & Iy
implies x; = 0. We enumerate the elements of I : i1,i2,.... Define ™ € Co(I) setting ri = @,
for j < n and z} = 0 for the remaining indices. Then lim,_,.cz" = = and Az" — Az. Hence,
{(z,Az) : x €D} C (GrA).
If 2™ belongs to (1.5) and (2", Az™) — (x,y), then z} — z; and a;z} = (Ax™); — y;. Hence
yi = a;x;. Using that y € LP(I) we see that x belongs to (1.5).

Example 1.28 Let p~' + ¢ 1 =1, 1 < p < oo and let (w;)ier be a sequence that does not belong to
LU(I). Let Co(I) be as above. Define

LP(I) D Co(I) 3z — (wlz) := Zwiwi e C.
icl
Then (w| is non-closable.
It is sufficient to assume that I = N and define v}’ := %, i <n, v} =0,7>n. Then
i i=1 i

(wlv™) =1 and ||v"||, = >, |wi|q)_% — 0. Hence (0,1) belongs to the closure of the graph of the
operator.

1.9 Pseudoresolvents

Definition 1.29 Let Q C C be open. Then the continuous function
25z~ R(z) € B(X)

is called a pseudoresolvent if
R(z1) — R(z2) = (22 — z1)R(21) R(22). (1.6)

Evidently, every resolvent of a closed operator is a pseudoresolvent.

Proposition 1.30 LetQ > z — R, (z) € B(X) be a sequence of pseudoresolvents and R(z) := s—limy, oo Ry (2).
Then R(z) is a pseudoresolvent.

Theorem 1.31 Let Q5 z+— R(z) € B(X) be a pseudoresolvent. Then
(1) R :=Ran R(z) does not depend on z € Q.

(2) N :=KerR(z) does not depend on z € Q.

(3) R(z) is an analytic function and

d 2
ER(Z) = —R(2)~.

(4) R(z) is a resolvent of a certain operator iff N = {0}. The domain of this operator equals R.

Proof. Let us prove (4)<. Fix z; € Q. If N/ = {0}, then every element of R can be uniquely represented
as R(z1)x, x € X. Define HR(z1)x := —x + 21 R(21)2z. By formula (1.6) we check that the definition does
not depend on z;. O



2 Omne-parameter semigroups in Banach spaces

2.1 (M, p)-type semigroups
Let X be a Banach space.

Definition 2.1 [0,00[> t +— W(t) € B(X) is called a strongly continuous one-parameter semigroup iff
(1) W(0)=1;

(2) W(t1)W(t2) = W(t1 +t2), t1,t2 € [0,00[;

(3) limg o W(t)x =2, v € X;

(4) for sometg >0, |[W(t)|]| < M, 0 <t <tp.

Remark 2.2 Using the Banach-Steinhaus Theorem one can show that (4) follows from the remaining
points.

Theorem 2.3 If W(t) is a strongly continuous semigroup, then
[0,00[xX > (t,z) — W(t)x € X
is a continuous function. Besides, there exist constants M, 3 such that
W@l < Me, (2.7)

Proof. By (4), for t < nty we have |W(¢)|| < M™. Hence, ||[W(t)| < Mexp(i log M). Therefore, (2.7)
is satisfied.
Let t,, — t and x,, — . Then

W (tn)en =Wzl < W (tn)zn = W(ta)zl| + W (tn)z — W(t)z|

< MePtn ||z, — z|| + MeP ™t | W (|t — t,])z — z||.

We say that the semigroup W (t) is (M, §)-type, if the condition (2.7) is satisfied.

Clearly, if W (t) is (M, B)-type, then W (t)e=P* is (M, 0)-type. Since W(0) = 1, no semigroups (M, 3)
exist for M < 1.
2.2 Generator of a semigroup

If W (t) is a strongly continuous one-parameter semigroup, we define

DomA := {z € X : there exists }irr(l) YW (t)r — )}

The operator A with the domain DomA is defined by the formula

Az = }inétfl(W(t)x — ).

A will be called the generator of W (t).

Theorem 2.4 (1) A is a closed densely defined operator;
(2) W(t)DomA C DomA and W (t)A = AW (t);
(3) If Wi(t) and Wa(t) are two different semigroups, then their generators are different.

10



By (3), if A is an operator, which is a generator of a semigroup W (t), then such W (t) is unique. We
will write W (t) =: et4.
Proof of Theorem 2.4 (2). Let z € DomA. Then

lglﬁ)l sTHW(s) — D)W (t)z = W(¢) lglFol sTHW(s) — )z = W(t)Az. (2.8)

Hence the limit of the left hand side of (2.8) exists. Hence W (t)z € DomA and AW (t)x = W (t)Az. O

Lemma 2.5 Forxz € X put
t
Bix := t_l/ W(s)xds.
0

Then
(1) s—lim;o B: = 1.
(2) B:W (s) = W(s)Bx.
(3) If x € X, then Byx € DomA,
ABiz =t YW (t)z — x), (2.9)
(4) For x € DomA, ABix = B;Ax.

Proof. (1) follows by

¢
Bz —a=t"" / (W(s)x —x)ds — 0.
o t10

(2) is obvious. (4) is proven as Theorem 2.4 (2). To prove (3) we note that

u Y (W (u) — 1)Byr = t (W (t) — l)Buxu—fotfl(W(t)x —x).

d

Proof of Theorem 2.4 (1), (3) The density of DomA follows by Lemma 2.5 (1) and (3).
Let us show that A is closed. Let xz,, — x and Az, — y. Using the boundedness of B;A = AB;

we get S
By = lim B,Ax, = B;Ax.
Hence
y=lim By = lim B, Az = Az
O

Proposition 2.6 Let W (t) be a semigroup and A its generator. Then, for any x € DomA there exists a
unique solution of

d
70 = Ax(t), (2.10)

(for t = 0 the derivative is right-sided). The solution is given by x(t) = W (t)x.

[0,t0] © t — z(t) € DomA,

Proof. Let us show that z(t) := W (t)z solves (2.10). We already know that the right-sided derivative
equals Az(t). It suffices to prove the same about the left-sided derivative. For 0 < u <t we have

(—u) T W(t —wa —Wt)x) = W(t —uw)u ' (W(u) — Do —,_o W(t)Az = AW (t).

11



Let us show now the uniqueness. Let x(t) solve (2.10) . Let y(s) := W (t — s)z(s). Then
d
ds”

Hence y(s) does not depend on s. At s =t it equals z(t), and at s = 0 it equals W (t)z. O

Proof of Theorem 2.4 (3) By Theorem 2.6 (2), W (t) is uniquely determined by A on DomA. But
W (t) is bounded and DomA is dense, hence W (¢) is uniquely determined. O

(s) =W(t—s)Ax(s) — AW (t — s)x(s) =0

2.3 Norm continuous semigroups
Theorem 2.7 (1) If A€ B(X), then C 3 z — e*4 is a norm continuous group and A is its generator.
(2) If a one-parameter semigroup W (t) is norm continuous, then its generator is bounded.

Proof. (1) follows by the functional calculus.
Let us show (2). W(t) is norm continuous, hence lim;_,q B; = 1. Therefore, for 0 < t < #

IB: — 1) < 1.

Hence B; is then invertible.
We know that for x € DomA
t= Y (W (t) — 1) = B Az.

For 0 <t < ty we can write this as
Az =t7'B;*(W(t) — 1)

Hence [|Az| < ¢||z|. O

2.4 Essential domains of generators

Theorem 2.8 Let W(t) be a strongly continuous one-parameter semigroup and let A be its generator.
Let D C DomA be dense in X and W(t)D C D, t > 0. Then D is dense in DomA in the graph
topology—in other words, D is an essential domain of A.

Lemma 2.9 (1) Forz € X, ||Bix||poma < (Ct~! +1)||z|);
(2) For x € DomA, limy|o || Bz — Z||poma = 0;
(3) W(t) is a strongly continuous semi-group on DomA equipped with the graph norm.
(4) If D is a closed subspace in DomA invariant wrt W (t), then it is invariant also wrt By.
Proof. (1) follows by Lemma 2.5 (3).
(2) follows by Lemma 2.5 (1) and because B(t) commutes with A.
(3) follows from the fact that W (t) is a strongly continuous semigroup on X, preserves DomA and
commutes with A.
To show (4), note that B;x is defined using an integral involving W (s)z. W (s)z depends continuously

on s in the topology of DomA, as follows by (3). Hence this integral (as Riemann’s integral) is well defined.
Besides, Bz belongs to the closure of the space spanned by W(s)z, 0 < s < ¢. O
Proof of Theorem 2.8. Let x € DomA, z, € D and 2, — x in X. Let D be he closure of D in

n—oo

DomA. Then Bz, € D, by Lemma 2.9 (4). By Lemma 2.9 (1) we have

||thn - BtJS”DomA S Ot”xn - I’H
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Hence Bz € D. By Lemma 2.9 (2)
|B:z — || Doma t?)().

Hence, z € D. O

2.5 Operators of (M, 5)-type

Theorem 2.10 Let A be a densely defned operator. Then the following conditions are equivalent:
(1) [B,00[C 1s(A) and

(z—A)™™|| < Mlz-p"", m=1,2,..., z€][f,00]
(2) {zeC : Rez > 3} Crs(A4) and
l(z—A)™| < M|Rez— 6™, m=12,..., z€{z€C : Rez > (3}

Proof. It suffices to prove (1)=(2). Let (1) be satisfied. It suffices to assume that 8 = 0. Let z = z+1y.

Then for ¢t > 0
(z—A)™ =(@+t—A)"1+({y—t)(z+t—A)~"H)™™

18

j O(a:—i—t—A)‘m‘j(iy—t)j( *j?" )

Using the fact that ( —;n ) has an alternating sign we get

I(z—A)™| < Z;’;O |z + [~ (=1) iy — t) ( _jm )

_ m liy—¢[ ™"
= Mo+t (1 - L2

=M(x+t—|iy—t) ™ — Max—™.
t—o0

d

Definition 2.11 We say that an operator A is (M, 3)-type, iff the conditions of Theorem 2.10 are sat-
isfied.

Obviously, if A is of (M, §)-type, then A — 3 is of (M, 0)-type.

2.6 The Hille-Philips-Yosida theorem

Theorem 2.12 If W(t) is a semigroup of (M, ()-type, then its generator A is also of (M, S)-type.
Besides,

(z—A)' = /00 e W (t)dt, Rez>f.
0
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Proof. Set oo
R(2)x := / e *'W (t)xdt.
0

Let y = R(z)x. Then

u” (W (u) = 1y

= —ute™ [[e W (t)zdt + u= (e — 1) [;F e FW (t)xdt . + zy.
Hence y € DomA and (z — A)R(z)z = z.

Suppose now that z € Ker(z — A). Then z; := e*'z € DomA satisfies %mt = Ax;. Hence xy = W (t)x.

But ||z¢|| = e®°*||z||, which is impossible.
By the formula

(Z—A)_m :/ / e—2(t1+~-+tm)W(t1_l__.__’_tm)dtl._.dtm
0 0
we get the estimate

G = [ [ ety = Mz =

|

Theorem 2.13 If A is an operator of (M, 3)-type, then it is the generator of a semigroup W (t). This
semigroup is of (M, 3)-type.

To simplify, let us assume that 3 = 0 (which does not restrict the generality). Then we have the
formula

W(t) = s— lim (1—tA) ,
n

n—o0

t —n t2
HW(t)x — (1 — nA) z|| < M§|\A2x||, x € DomA?.

Proof. Set
t —n
L) =(1—--A .
(e = (1- £a)

Let us first show that

s— ltlfg Vo(t) = 1. (2.11)
To prove (2.11) it suffices to prove that
s—lim(1 —sA)™t =1. (2.12)
s|0

We have (1 —sA)™! —1=(s7! — A)~1A. Hence for x € DomA
11 = sA) " e —a| < Ms™ | Ax],

which proves (2.12).
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Let us list some other properties of V,,(¢): for Ret > 0, V;,(¢) is holomorphic, ||V, (¢)|| < M and
d £\
—Vat)=Al1--A .
dt ®) ( n )

To show that V,,(¢)x is a Cauchy sequence for x € Dom(A?), we compute

Vo(t)x — Vi, (H)z = limg)o Vi, (t — 8)Vin(s)x — limgyy Vi (8 — $)Vin(s)x

t

=limejo [0 "LV, (t — 5)Vin(s)x
=Timyo [/ ( VIt = 8)Vin(s) + Va(t — S)V,’n(s))a:

=lim, | f;ie (i — Q) (1-1t=24) -t (1-2A4) A2

n m

Hence for € Dom(A?)
Vit = Vin(B)all - < A% [y |3 = 52 Mds

= MG+ DT

By the Proposition 1.25, Dom(A?) is dense in X. Therefore, there exists a limit uniform on [0, ]

s— lim V,(t) =: W(¢),

n—oo

which depends strongly continuously on ¢.
Finally, let us show that W (¢) is a semigroup with the generator A. To this end it suffices to show

that for x € DomA d
&W(t)x = AW (t)x. (2.13)

But £ € DomA

Vu(t+ )z = Vn(t)x—i—/ttJruA(l - A)ian(s)xds

S
n

Hence passing to the limit we get
t+u
W(t+ uw)z =W(t)x + / AW (s)zds.
t

This implies (2.13). O

2.7 Semigroups of contractions and dissipative operators

Theorem 2.14 Let A be a closed operator on X. Then the following conditions are eqivalent:
(1) A is a generator of a semigroup of contractions, eg. |let?|| <1
(2) The operator A is of (1,0)-type.
(3) 10, 00[C rs(A) and
(=AM <p™, peR, u>0,
(4) {ze C : Rez >0} Crs(A) and

[(z—A)7Y < |Rez|™!, 2€C, Rez > 0.
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(5) {z €C : Rez >0} C134; besides, if r € DomA, v € X%, ||[v|| =1 and (v|x) = ||z||, then

Re(v|Az) < 0.

(6) There exists z € C with Rez > 0 such that Ran (2 — A) = X; besides if x € DomA, then there
Vv € X# such that ||v]| =1, (v|z) = ||z||, and

Re(v|Azx) < 0.

Proof. The equivalence of (1) and (2) is a special case of Theorems 2.12 and 2.13. The implications
(2)=(3) and (2)=-(4) are obvious, the converse implications are easy.
Let us show (1),(3)=(5). We have

Re(vfz) = (v]z) = [l],
Re (v|e"4z) < |(v]e"ta)| < [l]].

Hence
Re(v|Azx) = ltilrélRet_l(<v|etAa;> — (v]z)) <0.

We know that if Rez > 0, then z € rs(A). Hence Ran (2 — A) = X.
The implication (5)=(6) is obvious.
Let us prove (6)=-(3).
I(z = A)zl| = [v[(z — A)z)]
> Re(v|(z — A)x) > Rez{v|z) = ||z||Rez.

Using Ran (z — A)~! = X, we conclude that (z — A)~! exists and [|(z — A)7!| < |Rez|~!. O

3 Unbounded operators in Hilbert spaces

3.1 Graph scalar product

Let V, W be Hilbert spaces. Let A : )V — W be an operator with domain DomA. It is natural to treat
DomA as a space with a scalar product

(v1]v2) 4 = (v1|v2) + (Avi|Avs).

Clearly, DomA is a Hilbert space with this product iff A is closed.

3.2 The adjoint of an operator
Definition 3.1 Let A:V — W have a dense domain. Then w € DomA*, iff the functional

DomA 3 v — (w]Av)
is bounded (in the topology of V). Hence there exists a unique y € V such that
(w|Av) = (ylv), veV.

We set then
A'w =y.
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If Oy, Cyy are the Riesz antiisomorphisms, then we have the relationship between the (Banach space)-
conjugate A% and the (Hilbert space)-adjoint A*:
A* = Oy P A*Cyy.
Theorem 3.2 Let A:V — W have a dense domain. Then
(1) A* is closed.
(2) DomA* is dense in W iff A is closable.
(3) (Ran A)*+ = KerA*.
(4) DomA N (Ran A*)* D KerA.

Proof. Let j: VoW - WaV, j(v,w) := (—w,v). Note that j is unitary. We have
GrA* = j(GrA)*.
Hence Gr A* is closed. This proves (1).
Let us prove (2).
w € (DomA*)*+ & (0,w) € (Gr A*)+
& (w,) € (GrA)*+ = (Gr A)°L.
Proof of (3):
w € Kerd* < (A*wlv) =0, veV
& (A*w|v) =0, v € DomA
< (w|Av) =0, v € DomA
& w € (Ran A)L.
Proof of (4)
veEKerA < (wdv)=0, weW
= (w|Av) =0, w € DomA*
< (A*wlv) =0, w € DomA*
& v € (Ran A*)*.
Theorem 3.3 Let A:V — W be closable with a dense domain. Then
(1) A* is closed with a dense domain.
(2) A* = (A)*.
(3) (A7) = 4¢
(4) (Ran A)*+ = KerA*. Hence A* is injective iff Ran A is dense.
(5) (Ran A*)+ = KerA. Hence A is injective iff Ran A* is dense.

Proof. (1) was proven in Theorem 3.2.
To see (2) note that
GrA* = j(GrA)* = j((Gr A"+ = Gr A,
To see (3) we use
Gr (A™) = j7 (j(GrA)Y) " = (GrA)*L = (Gr A)°.
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(4) is proven in Theorem 3.2.
To prove (5) note that in the second line of the proof of Theorem 3.2 (4) we can use the fact that
DomA* is dense in W to replace = with <. O

3.3 Inverse of the adjoint operator
Theorem 3.4 Let A be densely defined, closed, injective and with a dense range. Then
(1) A=Y is densely defined, closed, injective and with a dense range.

(2) A* is densely defined, closed, injective and with a dense range.

(3) (A)7h=(A7)"

Proof. (1) and (2) sum up previously proven facts.
To prove (3), recall the maps 7,5 : VW — W @ V. We have

GrA* = j(GrA)*, GrA='=7(GrA).
Hence
CrA™" = j(r(GrA)*t =" (j(CGrA)*) = Gra™".
O

Theorem 3.5 Let A:V — W be densely defined and closed. Then the following conditions are equiva-
lent:

(1) A is invertible.
(2) A* is invertible.
(3) For some ¢ >0, ||Av| > c|jv]|, v € V and ||[A*w]| > c|jv]|, w € W.
Moreover, sp®™t(A) = spext(A*).
Proof. (1)=(2). Let A be invertible. Then A~! € B(W, V). Hence, A~ € B(V,W).

Clearly, the assumptions of Theorem 3.4 are satisfied, and hence A*~! = A~!*, Therefore, A*~! ¢
BV, W).

(1)<=(2). A* is also densely defined and closed. Hence the same arguments as above apply.

It is obvious that (1) and (2) imply (3). Let us prove that (3)=(1). ||A*v|| > ¢||v|| implies that
KerA* = {0}. Hence (Ran A)* is dense. This together with ||Av| > c||v|| implies that Ran A = W, and
consequently, A is invertible. O

3.4 Maximal operators
The numerical range of the operator T is defined as
NumT = {(v|Tv) : v € DomT, || =1}.

Theorem 3.6 (1) |[(z — T)v| > dist(z, NumT)|v||, v € DomT.

(2) If T is a closed operator and z € C\(NumT), then z — T has a closed range.

(3) If z € rsT\NumT, then ||(z —T) 7| < |dist(z, NumT)|~*.

(4) Let A be a connected component of C\(NumT)!. Then either A C spT or A C 1sT.
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Proof. To prove (1), take (zp € NumT). Recall that Num7T is convex. Hence, replacing T wih oT + 3
we can assume that zp = iv and 0 € Num7' C {Imz < 0}. Thus v = dist(iv, NumT") and

I = T)ol|* = (Tw|Tv) — iv(v|Tv) +iv(Tvlv) + [v]?|v]|?
= (Tw|Tv) — 2vIm(v|Tw) + |v|?||v||?
> [Pl
(1) implies (2) and (3).
Let zp € rsT\NumT'. By (3), if r = dist(zo, NumT), then {|z — 29| < r} C rsT. This proves (4). O

Definition 3.7 An operator T is called mazimal, if spT C (NumT).
Clearly, if T is a maximal operator, and z ¢ (Num7), then
I(z = T)7 < (dist(z, NumT))) L.
If T is bounded, then T' is maximal.

Theorem 3.8 Suppose that T is an operator and for any connected component A; of C\(NumT)*! we
choose A\; € A;. Then the following conditions are necessary and sufficient for T to be maximal

(1) For alli, \; € spT;

(2) T is closable and for all i, Ran (A, = T) = V.

(3) T is closed and for all i, Ran (\; — T) is dense in V.
(4) T is closed and for all i, Ker(\; — T*) = {0}.

3.5 Dissipative operators

We say that an operator A is dissipative iff
Im(v|Av) <0, v € DomA.

Equivalently, A is dissipative iff NumA C {Imz < 0}.
A is maximally dissipative iff A is dissipative and spA C {Imz < 0}.
Theorem 3.9 Let A be a densely defined operator. Then the following conditions are equivalent:
(1) —iA is the generator of a strongly continuous semigroup of contractions.
(2) A is mazimally dissipative.

Proof. (1) =(2) We have . ‘
Re(vle™"v) < |(v]e™*0)| < [|o]|*.

Hence
Im(v|Av) = —Rei(v|Av)

=Relimy -t~ ((v]e”*v) — ||lv]?) < 0.

Hence A is dissipative.
We know that the generators of contractions satisfy {Rez > 0} C rs(—i4).
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(2)=(1) Let Rez > 0. We have
[vllll(z +iA)v]l > [(v](z +iAd)v)]
> Re(v|(z +iA)v) > Rez||v]|?.

Hence, noting that z € rsA, we obtain ||(z +1iA4)~!|| < Rez™'. Therefore, A is an operator of the type
(1,0). O
Theorem 3.10 Let A be dissipative. Then the following conditions are equivalent:

(1) A is mazimally dissipative.

2) A is closable and there exists zg with Imzg > 0 and Ran (zg — A) = V.

(2)
(3) A is closed and there exists zo with Imzg > 0 and Ran (z9 — A) dense in V.
(4) A is closed and there exists zg with Imzg > 0 and Ker(zo — A*) = {0}.

3.6 Hermitian operators 1
An operator A : V — V is hermitian iff
(Aw|v) = (w]Av), w,v € DomA.
Clearly, A is hermitian iff NumA C R.
Remark 3.11 In a part of literature the term “symmetric” is used instead of “hermitian”.

Theorem 3.12 Let A be densely defined and hermitian. Then A is closable. Besides, one of the
following possibilities is true:

(1) spACR.

(2) spA = {Imz > 0}.

(3) spA = {Imz < 0}.

(4) spA=C.

Proof. A C A* and A* is closed. Hence A is closable. O

Theorem 3.13 Let A be a densely defined operator. Then the following conditions are equivalent:

(1) —iA is the generator of a strongly continuous semigroup of isometries.

(2) A is hermitian and spA C {Imz < 0}.

Proof. (1)=(2) For v € DomA,

0 = dy (e tyle~ty) = —i(Av|v) + i(v|Awv).
t=0
(2)=(1) We know that e~"*4 is the generator of a strongly continuous contractive semigroup. For
v € DomA, _ .
0 = (e Myl it4y)

Hence, for v € DomA, [le"#4y||2 = |jv||?. O

Theorem 3.14 Let A be hermitian. Then the following conditions are equivalent:
(1) spA C {Imz < 0}.

(2) There exists zg with Imzg > 0 and Ran (z9 — A) = V.

(3) A is closed and there esxists zg with Imzg > 0 and Ran (29 — A) dense in V.
(4) A is closed and there exists zo with Imzg > 0 and Ker(zZo — A*) = {0}.
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3.7 Self-adjoint operators

Let T be a densely defined operator on V. T is self-adjoint iff 7% = T, that means if for w € W there
exists y € V such that
(y|v) = (w|Tv), v € DomT,

then w € DomT and Tw = y.

Theorem 3.15 FEvery self-adjoint operator is hermitian and closed. If A is bounded, then it is self-
adjoint iff it is hermitian.

Theorem 3.16 Fix zi with XImzy > 0. Let A be hermitian. Then the following conditions are
necessary and sufficient for A to be self-adjoint:

(1) spA CR.
(2)
(3)
(4)
(5) A is closed and Ker(z1 — A*) = {0}.

Ran (z4 — A) =V.

A is closed and Ran (z — A) is dense in V.

Theorem 3.17 Let \y € R. Let A be hermitian. Then the following conditions are sufficient for A to
be self-adjoint:

(1) Ao & spA.

(2) Ran (A — A) =V.

(3) A is closed and Ran (Ao — A) is dense in V.
(4) A is closed and Ker(Ag — A*) = {0}.

Theorem 3.18 Let A be self-adjoint. Then U := (A +1)(A —1i)~! is a unitary operator with spU =
(SpcxtA + 1) (SpcxtA _ i)_l

If f € C(sp™*A), we can define

FA) = AU +DU -1)7).

Of course, we can also apply the functional calculus for measurable functions. In particular, the function
spA 3 z — id(z) := x is a measurable function on spA. We have idA = A.

Theorem 3.19 (Stone Theorem) Let A be an operator. Then the following conditions are equiva-
lent:

(1) iA is the generator of a strongly continuous group of unitary operators.
(2) A is self-adjoint.

Proof. To prove (1)=(2), suppose that R — U(t) is a strongly continuous unitary group. Let —iA be
its generator. Then [0, 00[> U(t),U(—t) are semigroups of contractions with the generators iA and —iA.
By Theorem 3.19, A is hermitian and spA C R. Hence A is self-adjoint.

(2)=-(1) follows by the spectral theorem. O
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3.8 Essentially self-adjoint operators

Definition 3.20 An operator A:V — V is essentially self-adjoint iff A% is self-adjoint.
Theorem 3.21 FEvery essentially self-adjoint operator is hermitian and closable.

Theorem 3.22 Fiz z4 with £Imzy > 0 Let A be hermitian. Then the following conditions are necessary
and sufficient for A to be essentially self-adjoint:

(1) A* is self-adjoint.
(2) Ran(zg — A) is dense in V.
(3) Ker(zy — A*) = {0}.

Theorem 3.23 Let \g € R. Let A be hermitian. Then the following conditions are sufficient for A to
be self-adjoint:

(1) Ran (Ao — A) is dense in V.

(2) Ker(Ag — A*) ={0}.

3.9 Scale of Hilbert spaces

Let B be a positive operator on V with B > 1. We define the family of Hilbert spaces V,, a € R as
follows. For o > 0, we set V, := Ran B~/ with the scalar product

(v|w)a = (v|B*w),

and V_, := V!, (where V! denotes the space of bounded antilinear functionals on V,). Note that we
have the identification ¥V = V*, hence both definitions give Vy = V.

It is clear, that for 0 < a < 3, V D V, D V3. Hence V_, =V}, can be identified with a subspace of
V_p = V5. Thus we obtain Vo D Vg for any a < f5.

Note that for a« > 0 V is embedded in V_,, and for v,w € V

(v|w)_q = (B*O‘/2v|B*a/2w) .

Moreover, V is dense in V_,.

It is easy to see that, for @ > 0, By ® := B~ is a unitary operator from V; to Va,. Moreover, the
operator B, defined by the functional calculus (or as the inverse of the bounded operator B~%, with the
domain Vs, extends to a unitary operator from Vy to V_,, which we will denote by Bf. For any a, 3,
setting BA~F = BO_B(BO_")_1 we obtain a unitary operator from Vs, to Vaog. These operators satisfy
the chain rule:

B;:2ﬂB;ﬁ =B 7.

Sometimes we will use a different notation: B~V = Vy,. If A is a self-adjoint operator, then we will
use the notation (A) := (1 + A%)'/2,

Lemma 3.24 Let 0 < o« < 1. Then DomB ={v €V, : B,v € V}.

3.10 Relative operator boundedness

Theorem 3.25 Let A be a closed operator and B an operator with DomB D DomA. Then the following
statements are equivalent:
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(1) B has the A-bound equal to ay, that is

1
B 2 2
inf sup (”U”) =aj.

v>0 420, veDoma \ [|[Av]|2 + v2||v]|

: * 2\-1/2) _
inf | B(A"A +0%) 72 = 0y,

If, moreover, A is self-adjoint, then the above statements are equivalent to
(3) inf |B(iv — A)7 Y| =a;
v>0

Proof. The equivalence of (1) and (2) is evident.
The equivalence of (2) and (3) for a self-adjoint A is the consequence of the unitarity of

(A2 + 57 V2 (1w — A).

d

Theorem 3.26 (Kato-Rellich) Let A be self-adjoint, B hermitian. Let B be A-bounded with the
A—bound < 1. Then

(1) A+ B is self-adjoint on DomA.
(2) If A is essentally self-adjoint on D, then A + B is essentially self-adjoint on D.

Proof. Clearly, A+ B is hermitian on DomA. Moreover, for some v, |B(iv — A)7!|| < 1 and (which
is equivalent by the unitarity of (A — iv)(A + iv)~!), ||B(—iv — A)~!|] < 1. Hence, iv — A — B and
—iv — A — B are invertible. O

Let us note an improved version of the notion of the operator boundedness:

Theorem 3.27 Let A be a closed operator and B an operator with DomB D DomA. Then the following
statements are equivalent:

(1)

S ( |Bol? )
o = inf sup T .

>0 420 A= p)vl? + 2|

inf [[B((A—p)*(A—p)+v°) 72| = as.
w,v>0

If, moreover, A is self-adjoint, then the above statements are equivalent to

(3)  inf [|[B(p+iv—A)"'=a:
w,v>0

Note hat the analog of Theorem 3.26 is true with a; replaced with as.
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3.11 Relative form boundedness

Theorem 3.28 Let A be a self-adjoint operator. Let B be a bounded operator from (14 |A|)~Y?H to
(1+|A)Y?H. Then the following statements are equivalent:

(1)

inf /(4 — ) + ) A B(A =+ = a5

inf ||(u+iv—A) 2o, (u+iv — A)72 || = az.
H,v>0
If the conditions of the above theorem are satified, then we say that the A-form-bound of B equals
as.

Theorem 3.29 Let A be a self-adjoint operator. Let B have the A-form-bound less than 1. Then there
exists a open subsets in the upper and lower complex half-plane such that the series

R(z):= (2= A) " (B(z— A7)
§=0
is convergent. Moreover, R(z) is a resolvent of a self-adjoint operator, which will be called the form sum

of A and B. If A is bounded from below, then so is A+ B and Dom|A 4+ B|z = Dom|A|z.

3.12 Non-maximal operators

Theorem 3.30 dimRan (z — A)* = dimKer(z — A*) is a constant function on connected components
of C\(Num4A)©.

Proof. Let us show that if |o| < A, then
Ran (i\ — A) NRan (i\ + o — A)* = {0}. (3.14)
Let w € Ran (iA — A). Then there exists v € DomA such that
w=(ix— A

and |lv]| < A7Y|lw]|. If moreover, w € Ran (i\ + a — A)* = Ker(—i\ — @ — A*), then

0= ((-ir+a— A")wv)

= (w[(ix = A)v) + a(wlv)

= [[w]]? + a(wlv).

But
lwl? + a(wlv)] > (1 = |a|/IAD[Jw]* > 0,

which is a contradiction and completes the proof of (3.14).
Now (3.14) implies that dim Ran (i\ — A) < dimRan (iA+ o — A4). O
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3.13 Hermitian operators II

Let A be closed hermitian.
Theorem 3.31 The so-called defect indices
ny :=dimKer(z — A*), 2 € C4
do not depend on \. One of the following possibilities is true:
1) spA C R, ne =0, A is self-adjoint;
2) spA ={Imz >0}, ny #0,n_ =0, A is not self-adjoint;
3) spA ={Imz <0}, ny=0,n_#0, A is not self-adjoint,

)
)
)
4) spA=C ny #0,n_ #0, A is not self-adjoint.

Proof. This is a special case of Theorem 3.30. O

Definition 3.32 Let A be hermitian and closed. Define on DomA* the following scalar product:
(vJw)a- = (vjw) + (A™v[A™w)

and the following antihermitian form:
[v|w] ax := (A" v|w) — (v|A*w).

The A*—completeness and the A*—orthogonality is defined using the scalar product (-|-)a~. A space is
A*—hermitian iff [-|-] o~ vanishes on this subspace.

Theorem 3.33 (1) Every closed extension of A is a restriction of A* to an A*—closed subspace in
DomA* containing DomA.

(2)
DomA* = DomA & Ker(A* +1i) ® Ker(A4* —1i)
and the components in the above direct sum are A*-closed, A*—orthogonal and
(0@ ws B o® vy ©o_)a = (o) + (AwlAv) + 2w, foy) + 2w o),
[wdwy ®w_|v®vy Do_]ax = 2i(wy|vy) — 2i(w_|v_).

Proof. (1) is obvious. In (2) the A*—orthogonality and the A*—closedness are easy.
Let w € DomA* and
w L DomA @ Ker(A* +1) @ Ker(A* — 1)

in the sense of the product (+|-)4+. In particular, for v € DomA we have
0= (A"w|A™v) + (w|v) = (A"w|Av) + (w|v).

Hence A*w € DomA* and
A*A*w = —w.

Therefore,
(A" +1)(A* —D)w = 0.

25



Thus
(A" —i)w € Ker(A* +1). (3.15)

If y € Ker(A* +1), then
i(y[(A" = Dw) = (A"n[A™w) + (njw) = (n]w)a~ =0
In particular, setting y = (A* —i)w and using (3.15), we get
w € Ker(A" —1i).
But w L Ker(A* —1i), hence w = 0. O
Every A*—closed subspace containing DomA is of the form DomA @ Z, where
Z C Ker(A* +1) @ Ker(A™ —1).

If
AC BCA",

then the subspace Z corresponding to B will be denoted by Zp. We will write
ZP = {v e Ker(A" —i) @ Ker(A* —1i) : [z,v]ax =0, z € Z}.

The subspace Z is A*—hermitian iff
ZPet o Z.

Theorem 3.34 We have
ZB* — (ZB)PEr.

In particular, B is hermitian iff Z is A*—hermitian. Every A*—hermitian subspace corresponds to a
partial isometry U : Ker(A* +1) — Ker(A* —1i). Then
Z:={20®Uz : z€ RanU"U}.

B is self-adjoint iff U is unitary.

4 Sesquilinear forms

4.1 Sesquilinear forms

Let V, W be complex spaces. We say that t is a sesquilinear quasiform on W x V iff there exist subspaces
Dom;t € W and Dom,t C V such that

Domjt x Dom,t 3 (w,v) — t(w,v) € C

is a sesquilinear map. From now on by a sesquilinear form we will mean a sesquilinear quasiform.

We define a form t* with the domains Domt* := Dom,t, Dom,t* := Domyt, by the formula t*(v, w) :=
t(w,v). If t; are ty forms, then we define t; + to with the domain Domjt; + to := Domyt; N Domyty,
Dom,t; + t3 := Dom,t; N Dom,t; by (t; + t2)(w, v) := t1(w,v) + to(w,v). We write t; C to if Domyt; C
Domyte, Dom,t; C Dom,ts, and t; (w,v) = t2(w,v) w € Domyt;, v € Dom,t;.

t is bounded iff

[t(w,v)| < cljw|||lv|l, w € Domt, v € Dom,t.

From now on, we will usually assume that YW =V and Dom;t = Dom,t and the latter subspace will
be simply denoted by Domft.
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Recall that the numerical range of the form t is defined as
Numt := {t(v) : v € Domt, |jv|| =1}.

We proved that Numt is a convex set.
The form t is bounded iff Numt is bounded. Equivalently, |t(v)| < ¢||v]|?.
t is bounded from below, if there exists ¢ such that

Numt C {z : Rez > c}.

t is hermitian iff Numt C R. The equivalent condition: t(w,v) = t(v, w).
If T is an operator on V, then t(w,v) := (w,Tv) with the domain DomT is a form called the form
associated with the operator T'. Clearly, Numt = Num7'.

4.2 Closed positive forms

Let s be a positive form.

Definition 4.1 We say that s is a closed form iff Doms with the scalar product
(w,v)s :== (s + 1)(w,v), w,v € Doms,

is a Hilbert space.

Theorem 4.2 The form s is closed iff for any sequence (x,) in Doms, if x, — = and s(x, — xmy,) — 0,
then x € Doms and s(x, —x) — 0.

Example 4.3 Let A be an operator. Then (Aw|Av) with the domain DomA is a closed form iff A is
closed.

4.3 Closable positive forms
Let s be a positive form.

Definition 4.4 We say that s is a closable form iff there exists a closed form s1 such that s C s7.

Theorem 4.5 (1) The form t is closable < for any sequence (x,) C Doms, if 2, — 0 and s(z, —
Tm) — 0, then s(z,) — 0.

(2) If s is closable, then there exists the smallest closed form s1 such that s C s1. We will denote it by
sl
(3) Nums is dense in Nums®!

Proof. (1) = follows immediately from Theorem 4.2.

To prove (1) <, define 51 as follows: v € Domsy, iff there exists a sequence (v,) C Doms such that
vy, — v and §(v, — vy) — 0. We set then s1(v) := lim, . 5(v,) (the limit exists, because s(v,) is a
Cauchy sequence).

To show that the definition is correct, suppose that w, € Doms, w, — v and s(w, — w,,) — 0.
Then v,, — wy, — (U, — Wy) — 0 and v, — w,, — 0. By the hypothesis we get s(v,, —w,) — 0. Hence,
lim,, o0 5(vp,) = lim, o0 $(wy, ). Thus the definition of §; does not depend on the choice of the sequence
v,. It is clear that s; is a closed form containing s. Hence s is closable.

To prove (2) note that the form s constructed above is the smallest closed form containg 5. O

Example 4.6 Let A be an operator. Then (Aw|Av) with the domain DomA is closable iff A is a closable
operator. Then (A%w|A%) with the domain DomA® is its closure.
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4.4 Operators associated with positive forms

Let S be a positive self-adjoint operator. We define the form s as follows: Doms := DomS'/? and
s(v,w) == (SY/2v]|S'/2w). We will say that s is the form associated with S.

Theorem 4.7 (1) s is a closed form.

(2) DomS is an essential domain for s.

(3) Nums is dense in Nums.
The next theorem describes the converse construction.

Theorem 4.8 Let s be a densely defined closed positive form. Then there exists a unique positive self-
adjoint operator S such that Doms = DomS'/? and s(v,w) := (SY?v|SY?w). We will say that S is the
operator associated with the form s.

Proof. For w € V, v € Doms, we have
|[(wlw)| < Jv[[llw]] < [lols]lwl].
By the Riesz lemma, there exists A : V — Doms such that
(vjw) = (v|Aw)s, (4.16)

[Aw] < [|Aw][s < [Jw]-

KerA = {0}, because Aw = 0 implies (v|w) = 0 for v € Doms, and Doms s dense in V. Besides, A is
self-adjoint. Putting
S:=A"1-1

we define a positive self-adjoint operator.
s(v,y) = (v|Sy), v € Doms, y € DomS =RanA.

Let us show that Doms is an essential domain for s. Let v € Doms is s-orthogonal to Ran A = Dom.S.
Then v is orthogonal to Doms—see (4.16). Hence v = 0.

Define s; by Doms; = DomS? and s1(w, v) = (S2w|S2v). The form s and s; coincide on DomS C
DomSZz N Doms. We proved above that DomS is an essential domain for s. The form s; is obviously
closed and Doms; is an essential domain for s;. Hence, 51 = s. O

4.5 Polar decomposition

Theorem 4.9 Let A be a densely defined closed operator. Let B be the operator associated to the form
(Aw|Av). Let V, be the scale of spaces (B +1)~*V, so that V; = DomA and V_1 = V{. Then

(1) A, treated as an operator from V1 to Vo, and denoted Ay, is bounded.

(2) A* extends by density to a bounded operator, denoted A§ from Vo to V_1. We have Af§ = (A1)*.
(3) DomA*={v eV : Ajv e V}.

(4) DomB = {v € DomA : Av € DomA*} and for v € DomB, Bv = A* Av.
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Proof. (1) is obvious.
To see (2), note that for v € DomA*, w € DomA we have

(A" v[w)| = (v]Aw)| < [|v[|]|w]}.

Hence ||A*v||-=1 < ||v]|, and so A* : V — V_; is bounded. DomA* is dense in V. Hence A* extends to a
bounded operator A5 :V — V_j.

To prove (3), let v € V, Afv = w € V. Then there exists (v,) C DomA* such that v, — v in the
norm of V and A*v,, — w in the norm of V_;. Hence for z € DomA,

(vp|Az) = (A% vp|z) — (w]z).

Therefore, (w|x) = (v|Az). Hence, v € DomA* and A*v = w.

To prove (4), denote B; as the extension of B to the operator from V; to V_;. Note that Bj is
bounded.

We have By = AjA;. In fact, for v,w € V;

(w|Byv) = (BY?w|BY?v) = (Aw|Av) = (w]|AjA1v).

Now
DomB ={veV; : BwveV}
={veV, : AjAveV}
={v; : Av € DomA*}.
O

Motivated by the above theorem we will write A*A for B.

Theorem 4.10 Let A be closed. Then there exist a unique positive operator |A| and a unique partial
isometry U such that KerU = KerA and A = U|A|. We have then RanU = Ran A°.

Proof. The operator A*A is positive. By the spectral theorem, we can then define
|A] ;= VA*A.

On Ran |A| the operator U is defined by
U |Alv := Av.

It is isometric, because
I|Afo]| = (v]| A]*v) = (v|A* Av) = || Av]|?,

and correctly defined. We can extend it to (Ran |A])°! by continuity. On Ker|A| = (Ran |A|)®!, we extend
it by putting Uv = 0. O

4.6 Sectorial forms

A subset of C of the form Sec(a,f) :=a+{z : |argz| <} with § < § will be called a sector. a will be
called its tip and 0 its angle. We say that a form t is sectorial iff there exists a € C and § < 5 such that
Numt C Sec(a, 0).

Lemma 4.11 Let t be a sectorial form with the sector given by a,6. Then

(t — a)(w,v)| < (1 + tan#)Re(t — a)(w)?Re(t — a)(v)?.
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Clearly, if t is sectorial and a is the tip of a sector containing Numt, then Ret+ Rea is a positive form.
We say that a sectorial form t is closed iff Ret is closed. We say that a sectorial form t is closable iff Ret
is closable.

It is easy to see, using Lemma 4.11, that Theorems 4.2 and 4.5 remain true if the form s is assumed
to be sectorial.

4.7 Operators associated with sectorial forms

Definition 4.12 An operator T is called sectorial iff the associated form is sectorial, that means, if
NumT C Sec(a,0). A mazimal sectorial operator is called shortly m-sectorial.

Theorem 4.13 (1) Let t be a sectorial form. Then there exists a unique m-sectorial operator T such
that DomT C Domt and

t(w,v) = (w|Tv), v € DomT, w € Domt.

T is called the operator associated with the form t and denoted by Ty.
(2) DomT is an essential domain for t.
(3) NumT is dense in Numt.
(4) If t is bounded, then so is T.

We will assume that the sector of t has the tip at 0. We will write s := Ret.
Lemma 4.14 There exists an invertible operator B € B(Doms) such hat
(t+ 1) (w,v) = s(w, Bv) + (w|Bw).

Proof. By Lemma 4.11, the form t + 1 is bounded in the Hilbert space Doms. Hence there exists
B € B(Doms) such that
(t+ 1)(w,v) = (w|Bv)s = (w|Bv) + s(w, Bv).

We have
017 = Re(t + 1)(v) = Re(v|Bv)s < ||Bo|ls|v]ls-

Hence ||v||s < ||Bv]||s. Therefore, Ran B is closed.
If w is orthogonal in Doms to Ran B, then

Hw||§ = Re(w|Bw)s = 0.

Hence, w = 0. Therefore, B is invertible. O

Proof of Theorem 4.13. Let S denote the operator associated with s. Then T := S(B + 1) — 1 with
the domain DomT" = DomS satisfies the conditions of the theorem. O

4.8 Perturbations of sectorial forms

Theorem 4.15 Let t; and ty be sectorial forms.

(1) t1 + to is also a sectorial form.

(2) If t1 and t2 are closed, then t1 + to is closed as well.

(3) If t; and ty are closable, then t; + ty is closable as well and (t; + t2) C §' + 5.
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Definition 4.16 Let p, s be forms and let s be positive. We say that p is s-bounded iff Doms C Domp
and

b:= inf [p(v)l

sup ——————
¢>0yeDoms 5(”) + CH,U”2

The number b is called the s-bound of p.

Theorem 4.17 Let t be sectorial and let p be Ret-bounded with the Ret-bound < 1. Then
(1) The form t+p (with the domain Domt) is sectorial as well.

(2) tis closed < t+p is closed.

(3) t is closable < t+ p is closable, and then Dom(t + p)°' = Domtc'.

Proof. Let us prove (1). For some b < 1, we have
[p(v)] < bRet(v) + cl|v]]*.

Hence
TIm(t+ p)(v) < [Imt(v)| + [Imp(v)| < (tan b + b)Ret(v) + CH’U||2,

Re(t+p)(v) > Ret(v) — [Imp(v)| > (1 — b)Ret(v) — c||v||*. (4.17)

Hence,
Im(t+p)(v)| < (1 —b)~*(tand + b) (Re(t + p)(v) + cl|v]|) + c|jv]|*.

This proves that t + p is sectorial.
To see (2) and (3), note that (4.17) and

(1 + b)Ret(v) + ¢|[v]|* > Re(t + p)(v)

prove that the norms | - ||¢ and || - ||¢+p are equivalent. O

4.9 Friedrichs extensions

Theorem 4.18 Let T be a sectorial operator. Then the form t(w,v) := (w|Tw) is closable.

Proof. It suffices to assume that the tip of the sector of t is 0. Suppose that w, € DomT = Domt,
wy, — 0, limy, oo t(wy, — wp,) = 0. Then

[t(wn)| < [H(wn — Wi, wn)| + [H(wm, wy)]
< (14 tan 8)(Ret(wn )2 (Ret(wp — wi)) 2 + (Wi |Twy,).

For any € > 0 there exists N such that for n,m > N we have Ret(w, —w,,) < 2. Besides, lim,, oo (W, |Twy,) =
0. Therefore,
[t(wn)] < €(1 + tan 9)\t(wn)\1/2.

Hence t(w,) — 0. O

Thus there exists a unique m-sectorial operator Ty, associated with the form t°!. The operator Ty, is
called the Friedrichs extension of T
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5 Aronszajn-Donoghue and Friedrichs Hamiltonian and their
renormalization

5.1 Aronszajn Donoghue Hamiltonians

Let Hy be a self-adjoint operator on ‘H, h € H and A € R.
H := Hy + A|h)(h], (5.18)

is a rank one perturbation of Hy. We will call (5.18) the Aronszajn Donoghue Hamiltonian.
We would like to describe how to define the Aronszajn-Donoghue Hamiltonian if A is not necessarily
a bounded functional on H. It will turn out that it is natural to consider 3 types of h:

I.heH, II. h € H_l\H, III. h € H_Q\H_l, (5.19)

where by H_, we denoted the usual scale of spaces associated to the operator Hy, that is H_, :=
(Ho)"/?H, where (Hp) := (1 + HZ)'/2.

Clearly, in the case I H is self-adjoint on DomH,. We will see that in the case II one can easily
define H as a self-adjoint operator, but its domain is no longer equal to DomHy. In the case III, strictly
speaking, the formula (5.18) does not make sense. Nevertheless, it is possible to define a renormalized
Aronszajn-Donoghue Hamiltonian. To do this one needs to renormalize the parameter A. This procedure
resembles the renormalization of the charge in quantum field theory.

Consider first the case I. We can compute its resolvent. In fact, for z & spHy we define an analytic
function

g(2) := =A"1 + (h|(z — Ho) " 'h). (5.20)

Then for z € © := {z € C\spHy : g(z) # 0} and X # 0, the resolvent of the operator H is given by
Krein’s formula

R(z) = (2= Ho)™" = g(2) (= = Ho)~*|h)(h|(z — Ho)~". (5.21)
For A = 0, we set © = C\spHj and clearly

R(z) = (z — Ho) ™. (5.22)

The following theorem will describe how to define the Aronszajn-Donoghue Hamiltonian in all the
cases I, I and III:

Theorem 5.1 Assume that:

(A) he H_1, A€ RU{oo} and let R(z) be given by (5.22) or (5.21) with g(z) given by (5.20),
or

(B) h € H_3, v € R and let R(z) be given by (5.21) with g(z) given by

9(2) ==+ (hl((z — Ho) ™' + Ho(1 + Hg)~")h) .
Then, for all z € O,
(1) R(z) is a bounded operator which fulfills the first resolvent formula;
(2) KerR(z) = {0}, unless h € H and A = co;
(3) Ran R(z) is dense in H, unless h € H and A = oo;
(4) R(z)* = R(%Z).

Hence, except for the case h € H, A = 0o, there exists a unique densely defined self-adjoint operator H
such that R(z) is the resolvent of H.
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Another way to define H for the case h € H_5 is the cut-off method. For all k € N we define hj, as
in (5.35) and fix the running coupling constant by

At =+ (hg|Ho(1 + HZ) hy)

and set the cut-off Hamiltonian to be

Hy, = Ho + Mi|hi) (Bl (5.23)
Then the resolvent for Hy, is given by
Ri(2) = (z — Ho) ™' + gi(z) (2 — Ho) ') (hs| (= — Ho) ™%, (5.24)
where
9i(2) == =2+ (hi|(z — Ho) *hy) . (5.25)

Note that A is chosen in such a way that the renormalization condition 2 (gx(i) + gx(—i)) = 7. holds.
It is easy to see that if Hy is bounded from below, then limy .., Ay = 0. Again, the cut-off Hamiltonian
converges to the renormalized Hamiltonian:

Theorem 5.2 Assume that h € H_o. Then klim Ri(z) = R(2).
—00

Let us assume that h is cyclic. Then the support of the spectral measure of h wrt Hy is spHy. If
g9(B) =0 and 3 & spHy, then H has an eigenvalue at § and the corresponding eigenprojection equals

gy (H) = (h|(8 — Ho)™h)™" (8 — Ho)~'[h)(h|(5 — Ho)~".

5.2 Aronszajn-Donoghue Hamiltonians and extensions of Hermitian opera-
tors

Let Hy be as above and h € H_o\'H. Define H,;, to be the restriction of Hy to
Dom(Hmin) := {v € Dom(Hy) = Hy : (h|v) = 0}.
Then Hyi, is a closed Hermitian operator. Set Hpax := H;,. Then
Dom(Hypayx) = Span{DomHyin, (1 — Ho) 'h, (—i— Hy) 'h, }.
Note that Ker(Hpmax * 1) is spanned by
vy = (&i — Hoy) 'h.

Thus the indices of defect of Hyi, are (1,1).
The operators H., discussed in the previous subsection are self-adjoint extensions of Hyin. To obtain
H., it suffices to increase the domain of H,;, by adding the vector
0,(Gi— Ho) *h—0.,(i+ Ho) 'h,

v+ (h|Ho(14+H3)—1h)
y—i(h|(1+HE) " h) ~

where 0., :=

5.3 Aronszajn-Donoghue Hamiltonians and extensions of positive forms

Assume now in addition that Hy is positive.

Consider the positive form by,i, associated with Hy,i. Thus h(v,v) = (v|Hminv) = (v|Hov) with the
domain Dom(hppin) := Dom Hpiy.

Assume first that h € H_1. The Friedrichs extension of H;, is Hy with A = co. The closure of the
form Bpin has the domain {v € Hy : (hlv) = 0}.

Assume now that h € H_s\H_;. Then the Friedrichs extension of H,, equals Hy.
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5.4 Friedrichs Hamiltonian

Let Hy be again a self-adjoint operator on the Hilbert space H. Let € € R and h € H. The following
operator on the Hilbert space C & H is often called the Friedrichs Hamiltonian:

h|

G=| & W 5.26
l |h)  Ho 1 (5.26)
Recall that expression the operators (h| and |h) are defined by

H > v (hlv:= (hlv) € C,
(5.27)
Csawr |h)a:=ah eH.

We would like to describe how to define the Friedrichs Hamiltonian if & is not necessarily a bounded
functional on H. It will turn out that it is natural to consider 3 types of h:

L heH, II. h € H_1\H, IIL h € Hoo\H_1, (5.28)

Clearly, in the case I G is self-adjoint on C @ DomH,y. We will see that in the case II one can easily
define G as a self-adjoint operator, but its domain is no longer equal to C®@DomHj. In the case III, strictly
speaking, the formula (5.26) does not make sense. Nevertheless, it is possible to define a renormalized
Friedrichs Hamiltonian. To do this one needs to renormalize the parameter €. This procedure resembles
the renormalization of mass in quantum field theory. Let us first consider the case h € H. As we said
earlier, the operator G with DomG = C @& DomH) is self-adjoint. It is well known that the resolvent of
G can be computed exactly. In fact, for z € spHy define the analytic function

9(2) = e+ (h|(z — Ho)"'h). (5.29)

Then for z € Q:= {z € C\spHy : g(z) — z # 0} the resolvent Q(z) := (2 — G)~! is given by

Qlz) =

0 0
0 (- Hy)-! ] (5.30)

+( ( )>_1 [ 1 (h|(z — Ho)™* ]
z— gz .
(z— Ho) 7Y h) (2 — Ho) 1 |h)(h|(z — Hp)

Theorem 5.3 Assume that:

(A) h € H_1, e € R and let Q(z) be given by (5.30) with g(z) defined by (5.29),
or

(B) h € H_3, v € R and let Q(z) be given by (5.30) with g(z) defined by

9(2) == v+ (hl((z = Ho)~" + Ho(1 + Hg)~")h)
(5.31)

vt (h‘(2(Z—f}t:)fi—Ho) - 2(z—H§)+(z—z'—Ho>)h)

Then for all z € Q :

(1) Q(z) is a bounded operator which fulfills the first resolvent formula (in the terminology of [Ka], Q(z)
is a pseudoresolvent);

(2) KerQ(z) = {0};
(3) RanQ(z) is dense in C® H;
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(4) Q(2)" = Q).
Therefore, by [Ka/, there exists a unique densely defined self-adjoint operator G such that Q(z) = (z —
G)~L. More precisely, for any zp € Q, DomG = Ran Q(2), and if ¢ € Ran Q(z0) and Q(z0)1 = ¢, then

Gy = =+ 20Q(20)¥,

Proof. Let z € Q. It is obvious that Q(z) is bounded and satisfies (4). We easily see that both in the
case (A) and (B) the function g(z) satisfies

9(z1) — g(z2) = —(z1 — 22)(h|(z1 — Ho) ™" (22 — Ho) "' |h). (5.32)

Direct computations using (5.32) show the first resolvent formula.
Let («, f) € C® H be such that («, f) € KerQ(z). Then

0= (z=g(z)* (a+ (hl(z = Ho) 1)), (5.33)

0= (2= Ho) ™ f + (= = Ho)"*h(z = 9(2)) ™" (a+ (Bl(z — Ho) ™' /). (5.34)

Inserting (5.33) into (5.34) we get 0 = (2 — Hg)~'f and hence f = 0. Now (5.33) implies @ = 0, so
KerQ(z) = {0}.
Using (2) and (4) we get (RanQ(z))* = KerQ(z)* = KerQ(z) = {0}. Hence 3) holds. O

Let h € H_5 and v € R. Let us impose a cut-off on h. For k € N we define
hk = 1[7k;,k] (Ho) h, (535)

where 1;_j, 31(Ho) is the spectral projection for Hy associated with the interval [—k, k] C R. Note that
hi € H and hence both (hy| and |hy) are well defined bounded operators. Set

ek := 7 + (hi|Ho(1 + Hg) " hy).

For all k € N, the cut-off Friedrichs Hamiltonian

€k (hk| ]

= ) Ho

is well defined and we can compute its resolvent, Qx(z) := (z — Gj) L

Qr(z) =

0 0
-1 1 (hil(z — Ho) ™!
+(z — gr(z2)
( ” ) l (z— Ho) 'hx) (2 — Ho) '|hi)(hil(z — Ho) ™"

where
9r(2) == ex + (hw|(z — Ho) ™" hy). (5.37)

Note that ey, is chosen such a way that the following renormalization condition is satisfied: 3 (gx(i) + gr(—i)) =
v. Let us also mention that if Hy is bounded from below, then limg_, o € = 0.

Theorem 5.4 Assume that h € H_o. Then klim Qr(z) = Q(z), where Q(z) is given by (5.80) and g(z)
is given by (5.31).
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Proof. The proof is obvious if we note that klim |(z—Ho) ™ *h—(z—Hp) " thy|| = 0 and klim gx(2) = g(2).
D L — 00 —00

Thus the cut-off Friedrichs Hamiltonian is norm resolvent convergent to the renormalized Friedrichs
Hamiltonian.

Let us assume that h is cyclic. Then the support of the spectral measure of h wrt Hy is spHy. If
B=yg(B) =0 and 8 & spHy, then G has an eigenvalue at 3. The corresponding projection equals
- - 1 (h|(B — Ho)™*
15(G) = (1 + (h|(B8 — Ho) ?|h)~" _ i -
o(G) = (LG = Hol |5 ay=1y) (8~ o)~ ) (hI(3 — o)~

6 Discrete and essential spectrum

6.1 Extended discrete and essential spectrum

Let X be a Banach space and A a closed operator on X'. Recall that we defined the discrete and essential
spectra of A denoted by spyA and spy. A.

We say that oo belongs to the extended discrete spectrum iff there is a decomposition of X = Xy & X
into the direct sum of two closed subspaces such that X’ is nonzero finite dimensional, DomA = X and
A maps Xy into itself and A restricted to &} is bounded. Equivalently, co is a discrete point in sp®™*A
and 1y} (A) is finite dimensional. The discrete extended spectrum is denoted by sp§**(A). The essential
extended spectrum is defined as

SPEX A i= sp®™* A\spFU A.

€ss

Theorem 6.1 Let zg € rsA. Then

speis (20 — A) 7' = (20 —spEiA) ™1 spg (20 — A)71 = (20 —spgtA)

6.2 Operators with a compact resolvent

Theorem 6.2 Let A be an operator with a non-empty resolvent set. Then the following conditions are
equivalent:

(1) (20 — A)~! is compact for some zy € rsA.
(2) (z— A)~ is compact for all z € 1sA.

Proof. We use the resolvent equation

(z—A) ' =(20—A)"(1-(z—20)(z—A)7").

When the conditions of Theorem 6.2 are satisfied, then we say that the operator A has a compact
resolvent.

Theorem 6.3 (1) Let A be normal. Then A has a compact resolvent iff SpA = spyA.
(2) Let A be bounded from below and self-adjoint. Then A has a compact resolvent iff p,(A) — oo.

Theorem 6.4 Let f,g € LS, (RY), limj, oo f(2) = 00 and limjy—o g(z) = co. Then
H = f(z)+9(D)

has a compact resolvent.
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Proof. Clearly, the functions f, g are bounded from below. Fix € > 0. For r > 0,let
Hy = f(2) +min(g(D), 7).
Then for z € C\R the operator (min(g(D),r) —7)(z — f(z) —r)~! is compact. Hence also the operator
(z = H))™' = (2= f(z) =)~ = (= H,) " (min(g(D),r) = 7)(2 = f(2) = 1)7"
is compact. Thus
SPess (Hr) = 8Dess(f(x) +7) C [r +inf f, 0o
Therefore, there exists N such that for n > N
pn(H,) > r —e+inf f.
But H, < H. Hence
,un(HT) < Un(H)
Therefore, for n > N, we have p,(H) > R — e +inf f. Thus u,(H) — co. O

6.3 Stability of essential spectrum

Theorem 6.5 Let V be a Hilbert space and A € B(V) be normal. Then A\ € sp. A iff there exits a
sequence of vectors v, such that

lonll =1, w— lim v, =0, lim (A— Awv, =0. (6.38)

n—oo

Proof. = We know that for any n dim 15, 1)(A) = co. Therefore, we can find an orthonormal system
v1, V2, ... such that v, € Ranlpg(, 1y(A4). The sequence vy, vz, ... satisfies (6.38).
<« Let € > 0. We have '

(1=1pmne0(A)vy = (1 —=150,0(A) (A=A A = Av, — 0.

Hence
cn = |[1pne (A)vn|| — 1.
Let 1
Up = ;1B(A,e)(A)UTL'
Then [|7,]] = 1, w—1lim, . 0, = 0 and 0, € Ran1lpg( (A). Hence Span{v;, vy, ...} is infinite dimen-

sional. Thus, 1p(y ¢ (A) is infinite dimensional. O

Definition 6.6 A sequence of vectors v, satisfying the conditions of the above theorem will be called a
Weyl sequence for \ and the operator A.

Theorem 6.7 (Weyl) Let A, B € B(V) be normal and let B — A be compact. Then SpoA = SPegs B-

Proof. Assume that A € sp.A. Then there exists a Weyl sequence v, va, ... for A and the operator A.
We have lim,, oo (B — A)v, = 0. Hence vy, vs, ... is a Weyl sequence for A and the operator B. O
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Theorem 6.8 Assume that A, B are normal operators such that for some zy & spAUspB the operator
(20 — A)~ ! — (20 — B)~! is compact. Then

SpessA = SpessB'

Proof. By the Weyl theorem sp,.(z0 — A) ™! = sp.(20 — B)~!. Then we use Theorem 6.1 to normal
operators A and B. O

Theorem 6.9 Let f € LY (RY), lim|;| o f(7) =00 and g € L>®(RY), lim|;|—o g() = 0. Then

loc
Spess(f(D) + g(a?)) = Spess(f(D))'

Proof. The operator g(x)(zo — f(D))~! is compact. Hence, the operator

(z0 = f(D) = g(2)™" = (0 = f(D)) ™" = (20 = f(D) — g(x)) " g(x) (20 = f(D))™*

is compact as well. We can thus use Theorem 6.8. O
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