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Abstract

We present the mathematical setting of an algebraic approach to quantum theory,
including the Tomita—Takesaki theory, liouvilleans and quantum dynamical systems,
and non-commutative integration up to the Falcone—Takesaki theory.
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1 Algebras and functionals

1.1 (*-algebras

A C*-algebra 29| is defined as an algebra A over the field C, equipped with an involution
map * : A — A satisfying

where x : C23 X\ =: (x +iy) — A := (x +iy) € C for any =,y € R, and equipped with a
norm map |-| : A — [0, 00[ such that A is a Banach space with norm |-|, and any of the
equivalent conditions

2
la*all = fal”,
la*all = Jallla”]

holds. This condition is assumed in order to guarantee that every x-homomorphism of
C*-algebra is continuous in terms of |-|. Algebras over C that are equipped only with
the map * defined as above (but with no norm) are called x-algebras.

A x-homomorphism of x-algebras A and B is defined as a map ¢ : A — B such that

s(Ara1 + Aaaz) = Ais(ar) + Aas(az),
s(aras) = ¢(a1)s(az),
s(a”) = s(a)".
Each *-homomorphism ¢ of a C*-algebra A is continuous in the norm |-| of A, and
ls(a)| < |a| holds for each a € A. A *-homomorphism ¢ : A — B of C*-algebras A and
B is called x-isomorphism iff

0 =ker(c) := ¢ (0) := {a € A|s(a) = 0}.

A x-automorphism of a C*-algebra A is defined as a x-isomorphism from A to A.
Every x-automorphism « of a C*-algebra satisfies |a(a)| = |a| Ya € A. The space of all
s-automorphisms of a given C*-algebra A is denoted by Aut.A.

An element a of a x-algebra A is called: mormal iff aa* = a*a; self-adjoint iff
a = a*; isometry iff A is unital and a*a = I; unitary iff A is unital and aa* = a*a =1
projection iff a = a* = aa =: a?; positive iff b € A such that a = bb*; invertible
iff A is unitary and 3b € A such that ab = I = ba (this is denoted by b =: a~!). From
this it follows that (a is unitary)=-(a is invertible), (a is unitary)=-(a is isometry)=-(a is
normal), (a is projection)=-(a is positive)=>(a is self-adjoint)=>(a is normal), (a~!)~' = q,
(ab)~' =b71a™!, and (a*)~! = (a71)*. If a is a positive element of a *-algebra A, then it
is denoted a > 0. A partial order relation > on elements of x-algebra A is defined by

a>b < (a—0b) >0, fora,be A

The set of all positive elements of a x-algebra A is called its cone and denoted AT.1 Tt
is convex and closed in norm topology.

The C*-algebra A is called to be generated by a set D C A if A is equal to completion
of the algebra of polynomials of elements of D provided in terms of the norm |-| of A. In
particular, if D C A is a C*-algebra generated by the set {a,a*}, where a,a* € A, then
(a—AI)"' CD.

!By the the Gel’fand-Naimark construction of the spectra of a commutative C*-algebra and a fact
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1.2 Functionals

A functional w : A — C on a C*-algebra A is called: linear iff w(\A + \oB) =
Mw(A) + Aw(B); positive iff w(A*A) > 0; faithful iff w(A*A) =0 = A = 0; tracial
iff w(AB) = w(BA); normalised iff w(l) = 1; hermitean iff w(A*) = w(A)*. If w,¢
and (w — ¢) are positive functionals on A, then one writes ¢ < w, and says that w
magjorises ¢. The hermitean functionals are uniquely determined by their restriction to
the self-adjoint elements of A. The norm of a linear functional is defined as

|wl == sup{lw(A)| | [A] < 1VA e A}, (1)

Each positive linear functional on a unital C*-algebra satisfies |w| = w(I). A positive
normalised linear functional w : A — C on a C*-algebra A is called an algebraic state
[56]. Every algebraic state is hermitean, hence it can be completely determined by the
values it takes on the self-adjoint elements of the algebra.

The Banach dual BB of the Banach space B is defined as a space of all linear
functionals ¢ on B that are continuous in norm topology, that is

[Au = Anl =0 = [6(A,) — 6(An)| — 0 ¥{A;} € B,

The weak-* topology on BB is defined as the weakest topology on BB such that the
maps B2 5 w — w(A) € C are continuous for every A € B. The neighbourhoods of the
weak-* topology on BB have the form

Neay(0) = {w € BP [ |w(Ay) — o(Ap)| < e, Ay € B},

with € > 0, k € {1,...,m}, and arbitrary finite m € N. This topology is locally convex.
The space B,, defined as such Banach space that satisfies BB = B, is a subset of the
space of a linear functionals on B, and is called a predual of B.

If Ais a C*-algebra, then the space AP is a Banach space with a norm given by
(1). The space of all positive linear functionals on A is denoted AB*. The space of all
algebraic states on a C*-algebra A is given by

S(A) == {w e A" [ |w]| =1}.

The space of all faithful algebraic states is denoted Sy(A). If for a given C*-algebra A
there exists a predual A,, then A is called a W*-algebra, |while the linear functionals
in A, are called normal]. Every normal functional w € A, is continuous in o-weak
topology, defined as a locally convex topology generated by the family of semi-norms
A>3 A |w(A)] € C2 In general, this topology is not first countable. The norm on A,

that every self-adjoint element z of any C*-algebra has sp(z) € R, the above definition of partial order
x >y for x,y € A on an arbitrary C*-algebra A is equal with the partial order defined by

1. x>0 <= z =z* and sp(z) C [0, 00|,
2. x>y <= x—y=>0.

Moreover, if the C*-algebra A under consideration is B(H), then the positivity of @ € A implies that
(€, a€) = |b€|*> > 0 V€ € H, where b € A and a = bb*.

2A functional w € AR is continuous in o-weak topology iff w(sup, 4,) = sup, w(A,) for every bounded
and increasing net {A,} € A such that A, = A*.



coincides with the norm on AB. One defines also A} := ABTNA, and Af, .= S(A)NA..
The space S(A)NA, of all normal algebraic states is dense in S(A) in the weak-* topology.
By the weak-+ compactness theorem [the Banach—Alaoglu-Bourbaki-Kakutani-...|, S(A)
is a convex subset of AB which is compact in weak-* topology.

1.3 Representations and the Gel’fand—Naimark—Segal construc-
tion

A representation of a C*-algebra A on a given Hilbert space H is defined as a *-
homomorphism 7 : A — B(H). It is called: faithful iff ker(7) = {0} (iff 7(a) > 0 Va >
0); non-degenerate iff {m(a)y | Va € A Vi) € H} is dense in H. Any representation
m: A — B(H) is a faithful representation of an algebra A/ ker(7) = A/7~1({0}). Any
representation 7 : A — B(H) of a unital C*-algebra is non-degenerate iff 7(I) = L
The representations 7 : A — B(H;) and 7 : A — B(Hs) are called equivalent or
unitarily equivalent iff 3 a (unitary) isomorphism U : H; — Ha such that m(a) =
Um(a)U ! Va € A. If the representations m : A — B(H;) and m : A — B(H,) are not
unitarily equivalent, they are called tnequivalent or unitarily inequivalent.

Every abstract C*-algebra A and any algebraic state w € S(.A) uniquely define the
Hilbert space by the following Gel’fand-Naimark—Segal (GNS) |29, 56] construction. For
a C*-algebra A, elements A, B € A and an algebraic state w : A — C, one defines the
scalar form (-,-)  on A,

(A, B), :=w(A*B),

and the Gel’fand ideal 7, := {A € A: (A, A), = 0}, which is a closed left ideal of A.
The Hilbert space H,, is obtained by the completion of A/Z, in the topology generated
by (-,-),- The dense subspaces of H,, are then the equivalence classes of elements of A
modulo the ideal Z,,. The form (-,-)_ is hermitean on A and it becomes a scalar product
(-,-), on A/Z,. The state w defines a representation m, of an abstract C*-algebra A in
the space B(H,,) of all bounded linear operators on H,, by the morphism

N : A3 Ar— [A]l, € A/Z,

and

Tw(A) 1 nw(B) — nu(AB).

This representation is called the Gel’fand—Naimark—Segal representation. This
way the algebraic state w leads to construction of the concrete Hilbert space H,, from an
abstract C*-algebra A and to representation m, of this algebra in the form of the concrete
C*-algebra 7, (.A) acting on H,,. The GNS representation is faithful and non-degenerate.
The algebraic state w is uniquely represented in terms of H,, by the vector n,,(I) =: Q, €
H,. This vector is cyclic for 7,(A), which means that the set {m,(A4)Q, | A € A} is
dense in H,, in norm topology. Hence

VAE A w(A) = (Qu, mu(A)0), . 2)

The GNS representation is a unique representation, up to unitary equivalence, such that
there exists an element Q, € H,, that is cyclic for 7, (A), (2) holds, and |Q[* = |w| = 1.



The cyclic character of €, enables the approximation we(A) = (€, m,(A)E),, for every
¢ € H, by such w(B*AB) that B € A and ¢ € H,, is weak-*+ densely approximated
by m,(B)S), (for this reason we will use the notation & = n,(B)). Moreover, every
representation of a C*-algebra can be decomposed into a direct sum of representations
that are unitarily equivalent to the GNS representation.

1.4 The von Neumann algebras

The commutant of a subalgebra N of an algebra A is defined as
N :={be A|ab=baVae N},
while the center of N is defined as 35 := N NAN*. The commutant operation satisfies:
Ny C Ny = N® CANL®, NC NS Nt = V°.

If N C N°, then N is a commutative algebra. A subalgebra N of a unital algebra A
is called: irreducible iff N* = {\I}, X\ € C; reducible iff ~(N* = {\}); a factor iff
3n = {AI}. Every unital commutative algebra is a factor. A unital x-subalgebra N of an
algebra B(H) is called the von Neumann algebra |73, 46] iff N' = N'**. In particular,
B(H) is the von Neumann algebra.

Every pair of C*-algebra A and an algebraic state w € S(A) generates the von Neu-
mann algebra N' by N := (7,(.A))**, called the enveloping von Neumann algebra.
The representation 7 : N — B(H) of a W*-algebra N is called normal iff it is contin-
uous in o-weak topology. An example of a normal representation is given by the GNS
representation associated with a normal algebraic state w on a W*-algebra. The image
7(N) of representation m of a W*-algebra AN is a von Neumann algebra iff 7 is normal
and non-degenerate.

The representation 7 of a unital C*-algebra A is called irreducible iff 7(A) is irre-
ducible, hence, iff w(.A)* = {Al}. This is equivalent to the condition: (every H 3 & # 0
is cyclic for m(A)) or (7(A) = {0} and H = C). The GNS representation 7, and the
algebra 7, (A) are irreducible iff w is pure, that is, iff w is an extremal point of the
convex set S(A). If m(A) is reducible, then every A € (m(A))® such that A = A* and
A # M provides a decomposition of H, given by unitary isomorphism (coming from the
spectral theorem) of H into a sum of subspaces of H corresponding to the spectrum of
A, and called a superselection |76]. The superselection sectors (subspaces) correspond
to unitarily inequivalent representations of A [?]. The linear combination of vectors
which belong to different superselection subspaces of H are not cyclic with respect to
[7,(A)/m(A)?], hence they do not define any spectral measure and cannot be equipped
with a quantitative meaning via spectral theory.

1.5 Weights

A weight |7, 8, 52, 53] on a C*-algebra A is defined as a linear map w : AT — [0, +o0].
The definition of a weight can be extended by linearity to the subset

my, = {a"b|a,be A, wlaa) < oo, wbd) <oo} C A (3)
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A weight is called: normalised iff w(I) = 1; faithful iff w(a) = 0 = a = 0; finite iff
w(a) < oo Va € AT; semi-finite iff

Vae At e A (a>b, b#0, w(b) < 00);

normal iff for each directed filter § C A" with the upper bound sup § it holds that
w(sup §) = sup,czw(a). A space of all semi-finite normal weights on a C*-algebra A is
denoted W(A), while the space of all semi-finite faithful normal weights on A is denoted
Wo(A).

There exists an analogue of the Gel’fand—Naimark—Segal representation theorem for
weights. Let A be a C*-algebra, let w be a weight on A, and

n, :={a € A|w(a"a) < co}.

Then there exists the Hilbert space H,, defined as the completion of n, in the norm
generated by the scalar product n, x n, 3 (a,b) — w(a*b) € C, and there exist maps
Ny : Ny, — H, and 7, 1 A — B(H,,) such that 7, is linear, ran(n,) is dense in H,, m, is
a representation of A and

(ns(b), T (a)n,(c)) = w(b*ac) Ya € A Vb, c € n,,.

1.6 Cyclic and separating vectors
For w € N, define

supp(w) := inf{P € P(N) | w(P) = 1},
supps(w) = inf{P € P(N) N3y | w(P) =1}

called, respectively, the support and the central support of w. An algebraic state w
is faithful iff supp(w) = I, while 7, is faithful iff supp;(w) = I (in such case w is called
centrally faithful). If w(A) = (Q,, AQ,)VA € N then Q, is cyclic iff supp(w)® =T,
hence w is faithful for A iff Q, is cyclic for A/*.

An element ¢ € H is called separating for a C*-algebra A C B(H)iff A =0= A=
0VA € A. An element £ € H is separating for A iff we(-) := (£, - £) is faithful for A. From
this it follows that (¢ is cyclic for A) <= (¢ is separating for A*) VA C B(H) V¢ €
H. If w is a faithful algebraic state on an abstract C*-algebra A, then its cyclic GNS
representative Q, € H,, is also separating for 7, (.A). Hence, m,(A4)Q, # 0 Vm,(A) # 0,
because the GNS representation is faithful. If w is a faithful normal algebraic state
on a von Neumann algebra N, then m,(N)** = m,(N) = N. Moreover, the following
conditions are equivalent:

1. there exists a faithful normal algebraic state on N,

2. N is isomorphic to a von Neumann algebra possessing a cyclic and separating
vector,

3. every family {P,} € N of mutually orthogonal (P;P; = 0 for i # j) projections is
countable.



If any of these conditions is satisfied, then N is called countably finite or separable.
In particular, B(H) is separable iff H is separable. Note that, while only separable von
Neumann algebras admit faithful normal algebraic states, every von Neumann algebra
admits a faithful normal semi-finite weight.

1.7 Normal extensions

If Ais a C*-algebra, w € S(A) and (H,, 7, ) is the associated GNS representation,
then @(-) = (Q, Q) defines a centrally faithful normal state on the von Neumann
algebra m,(A)®® that is a unique normal extension of the algebraic state m,(A) > A —
w(A) € C to m,(A)** 3 A= w(A) € C (an extension means here that &, ) = w and

m,(A) is dense in 7,(A)**). By an abuse of language, @ is called a normal extension
of w to m,(A)**.

2 Modular theory

2.1 The Tomita—Takesaki theory

For any given C*-algebra A, any given one-parameter group of automorphisms® o : R €
t—a:={A>5 A~ A(t) = w(A) € A}, and any R 5 8 > 0, the algebraic state w is
called Kubo—Martin—Schwinger (KMS) for a; and /5 [42, 44, 31, 41] iff

w(a(A)B) = w(Baiiip(A)) (4)

holds and the maps R 3 t — w(a(A)B) € C and R 3 t — w(Aa(B)) € C, can be
continued for ¢t € C in such way that they are analytic, respectively, for im(¢) €] — 3,0[
and im(t) €]0, 8], as well as bounded and continuous in the closure of these domains.

Let NV be the von Neumann algebra acting on the Hilbert space H, and let Q € H
be cyclic (NQ = H) and separating (AQ = 0 = A =0 VA € N) for N. Define a
conjugate linear operator R, acting on a dense subspace of H generated by action of the
von Neumann algebra A/ on €, by

RqAQ = A™Q.

Its closure (denoted with the abuse of notation by the same letter) has a unique polar
decomposition Rg = JQA;Z/ ® with positive self-adjoint operator Aq and anti-unitary
operator Jg. These operators satisfy

Ro=Rg' = AT, Ry=JA;? A" = RoRY,
Aq = R5Rq, Ag2=Q, JoQ =9, JoAaJo = A,
J2=1, Ji=Jo, (JA JB)=(B,A) VA, BeN.

The Tomita theorem [68, 69] states that for every von Neumann algebra N, acting
on the Hilbert space H equipped with a vector ) € H which is cyclic and separating
for N/, there exists a unique strongly continuous group o : N'— N, ¢t € R, of unitary
automorphisms of A/ such that

3If the C*-algebra is not separable, then «; is additionally assumed to be [strongly continuous] [23].
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1. o¥: A o¥(A) := APAAS" = U, () AUZ(Y),
and a unique anti-linear operator .J, such that
2. J2=1, JNJ, =N°,
3. Us(—2)AQ = J,A*Q.
The Takesaki [63] theorem states moreover that
4. w(A) :=(Q, AQ) VA € N is a unique algebraic state that is KMS for ¢* and 8 = 1.

These two theorem are sometimes joined together under the label of Tomita—Takesaki
theorem.

The group U, (t) = A” of x-automorphims of A is called a group of modular auto-
morphisms, A, is called a modular operator, while J, is called a modular conju-
gation and it defines the anti-linear *-isomorphism j, : N 3> A — J,AJ, € N*. The
modular hamiltonian K, defined by

e Ko = W
satisfies K* = K,, and K, = 0. The unitary operators A% leave Q invariant: U, () =
A"Q = Q. By definition,
Uw(t) _ <€—Kw)z‘t — e_iK“’t. (5)

The modular automorphism oy A = U, (t)AU}(t) is unitary, hence
w(A) = w(oy(A)).

The algebraic state w on a C*-algebra A is called modular iff its cyclic GNS representa-
tive €, € H,, is a separating vector for the von Neumann algebra m,(A)®®, that is, iff w
naturally extends to a faithful normal state on 7,(A)**. The GNS representative ), of
every faithful algebraic state w on a C*-algebra A is cyclic and separating for 7, (A) and
7, (A)*® on H,, hence faithful algebraic states are modular. In consequence, every pair
of a C*-algebra A and a faithful algebraic state w € Sy(A) generates a unique Hilbert
space H,, equipped with a unique unitary modular automorphism o}’ of the von Neumann
algebra 7,,(A)**.* Moreover, w € Sy(A) is always KMS for 7,,(A)*® and 8 = 1.

Due to the role played by the KMS condition in the modular theory, it is worth to
consider its properties:

1. if w is KMS for ay then w(ay(A)) = w(A) VA € A,
2. if w is KMS for oy then a;(A) = A VA € supp; , (w)34,
3. if w is KMS for a; and g # 0, then it is also KMS for a,; and g, where R 5 X\ #£ 0,

4. wis KMS for f =0 <= w(zy) = w(yzr) Vr,y € A,

4Note that this result holds for every w € Sy(A), hence it is independent reducibility or irreducibility
of GNS representation .



5. w is KMS and faithful <= =, is faithful,

6. if w is KMS on A with respect to «; and [, and if H, is separable, then the
normal extension @ of w is KMS on m,(A)®*® with respect to &; and [, where
a; € Aut(m,(A)**) is a normal extension of o, defined by |...].

7. if A is a W*-algebra, then w is KMS for «; and S iff w is normal and there exists
a o-weakly dense x-subalgebra D C A, analytic and invariant with respect to the
action of a4, such that

w(Aas(B)) = w(BA) VA, B € D.

If A is a C*-algebra, then w is KMS for a; and f iff there exists a norm dense
x-subalgebra D C A as above.

The set Siiig(A) € S(A) of all KMS states on a C*-algebra A for a fixed value of 8 and
fixed automorphism « is a convex space which is compact in weak-* topology. Moreover,
it is a simplex, what means that every element of the space SﬁﬁS(A) can be uniquely
decomposed as a convex combination of the extremal elements of this space [63]. The
KMS state ws is an extremal element of Syog(A) iff T (A) is a factor. If wg is not
extremal, then the spectrum of the center 3%,3 (A) is labelled by the extremal KMS
states which provide a unique decomposition of wg. If there exists a unique KMS state
for a given 8 and o, SP{g(A) = {w}, then 3. (A) = CI. If von Neumann algebra A
is finite, then SL%(N) = {w}. When considered on the GNS representation of A, this
w takes the form [ale tylko dla okreslonych sytuacji, gdy e ## ma w ogole sens. podac
precyzyjnie jakie to sytuacje.|

w(-) = trlpr) : mu(N) — C,
tr(p)
with p € B;(H) according to (9), and satisfying p = e P where H is a self-adjoint
operator generating the one-parameter group of unitary operators U(t) corresponding
uniquely to a; by the (10). If wg, and wg, are KMS on A with the corresponding generators
H, and H of their respective automorphisms oy, and ay,, then wg, ® wg, is also KMS,
with a generator of corresponding automorphism given by 81 H; + B2 H>.%

There exists an analogue of the Tomita—Takesaki theory for weights. If w is a faithful
normal semi-finite weight on a von Neumann algebra N, then there exists a closeable
operator

Ry s no(my) 3 nu(A) = 1,(A%) € He,
where m,, C N is defined by (3). Its closure, denoted with the abuse of notation by the
same symbol, has a polar decomposition R, = JwAi/ ? that satisfies

A, =R:R,, A} =R,R:, J,=J; J2=1,
_1 1 ~1
Ay? = J, Ay, R = J,AL%.
Moreover,
AINAE =N, VteR,
JN Ty = N*.
[What about Takesaki theorem for KMS weights?|

®The tensor product of two algebraic states is defined as [...].
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2.2 Relative modular theory

The description of the dependence of modular evolution on the change of algebraic state
(or semi-finite weight) can be provided by Araki’s relative modular operators A,

[1]. These operators can be defined by the unique polar decomposition R, ,, = Jw/,wAi{iJ
of the closure of an operator R, ,, defined by [30]

Ry wAQ, = A™Qu, (6)

where €2, and €2, are cyclic and separating vector representatives of the faithful normal
states w and W’ on the common Hilbert space H. However, this holds only if the von
Neumann algebra A is separable. The reformulation of definition (6) in more general
terms is the following [2, 10, 33]. A subspace II C H is called a cone iff V¢ € 11 VA >
0 X €1l. A cone Il C H is called self-dual iff

M={neH|[{¢)>0vEell}

Every self-dual cone is closed. If NV is a W*-algebra, H is the Hilbert space, 7 is a non-
degenerate faithful normal representation of N"on H, J is anti-unitary involution (J? =T,
J = J, (JE,JC) = ((,€)VC(, € € H) operator on H, and II is a closed self-dual cone in
H (called natural positive cone), then the quadruple (H, w, J,II) is called a standard

representation of N and the quadruple (H, 7(N), J,1I) is called a standard form of
N iff

1. J generates an anti-linear *-isomorphism j : 7(N) 3 a — j(a) := JaJ € ©(N)*,
2. Eell= JE =€,

3. (€1l aeN)=n(a)Jr(a)é €1,

4. a € 3n = j(r(a)) = 7(a)*.

If the elements of N are identified with the elements of m(N') acting on H, then N is
called to be in standard form, or to act standartly on H. If N acts standartly on H,
then the following properties hold:

1. for every positive normal functional there exists a unique corresponding vector
representative in the natural positive cone:

qu € N*+ 3!€¢ cllVaeN ¢(a) = (fqﬁ, 7T(a)§¢>7_[,

2. the map ¢ — &, is norm continuous,

3. £ € Il is cyclic for N iff € € II is separating for A iff £ € II is cyclic for N'® iff
be = (&, -€) is faithful for N,

4. (el = (JE el and aj(a)é € I Va € N),

5. ¢ € Nj = Uyen{aj(a)és} is dense in II.

10



The nontrivial result of Haagerup [33] is that every W*-algebra has a faithful representa-
tion 7 such that w(N) is in standard form, and, moreover, this representation is unique
up to unitary equivalence. If N is separable, then it admits a faithful normal algebraic
state, which provides the faithful normal GNS representation (., m,, (1, ), together with
the Tomita—Takesaki modular conjugation J, and a closed self-dual cone

= |J {ALAQ}. (7)
Aemy,(N)

The cone 11, is convex, pointed (II, N (—II,) = {0}), it spans linearly #,,, and it satisfies
AL, =TIVt € R.

For ¢,w € N,, a € N, n € [NE]E, where [NE,]* denotes the Hilbert space comple-
ment of the closure of the linear span of the action of (representation 7 of) the algebra
N on the vector £, one defines the closeable anti-linear operator

Rgu(a&, +n) = supp(w)a*y,

acting on the dense domain (N¢,) U [NE,]*F C H. Its closure, denoted with the abuse of
notation by the same letter, admits a unique polar decomposition

Ryu = JAYZ,
where J is the anti-unitary of the standard cone, while Ay, is called a relative modular
operator (if both €, and €2, in (6) belong to natural positive cone, then J, = J.). It
satisfies

Aqg’w = R;,wR@w? %d),w = JA;ld)J, A¢’¢ = A¢,
A)@,/Lw = EA(Z),W’ ‘v’/\,,u € R.

The relative modular operators allow to define a continuous one-parameter family of
unitary Connes’ cocycle [9] of a pair (w’,w) of faithful normal semi-finite weights on a
von Neumann algebra A/

/

D
R9tr—>( w

Dw )t = (DCL)/ . DCU)t = Ag/7w//A;’Z// € N,

where w” € Wy(N) is arbitrary. Connes cocycle always exists and it satisfies the following

properties:
(B), =+ (), (32), - (&)
. Dwo 0 ) Dwo ‘ Dws ¢ Dws t’ i
(8- (), oo~ (i), i (i
t t

Dwo ¢ Dwy Dw2 Dws t ’

(Be) (o (4) = (3 (4)) (B2) . (5)

(le > — ( le ) O_Luz ( DUJ1 )
- t
Dwo t14to Dwo to 2 Dwo t

Moreover, for any unitary U € N and any faithful normal semi-finite weights w’, w on N,

Do’
Dw

() =w(lU-U*) < < )t:U*af(U).
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For a detailed treatment of relative modular operators and Connes’ cocycle see [3].
[Write about A(¢/p) as a predecessor of %, and cite Sherstnev for lineal.]

The Connes spatial derivative % is a generalisation of a relative modular operator

[12]. If w € Wo(N) and w® € Wy(N*®), then 22 is uniquely defined as a largest positive
self-adjoint linear operator T such that

|712€]* = w(Ro () R (6)),

for all
£e{CeEH|3>0VYaeN® |a|’ < cw*(a*a),}

and for a unique bounded linear operator
Rye (&) : Hipe D Mo (a)Qpe — al € H,

where (Hye, Tye, Qe ) is @ GNS representation of A'® with respect to w®. The map & —
R+ (&) is linear and Rye(§)Rye(€)* € N** = N. In particular, if Q € H is cyclic and
separating for N, and if Va € N Va* € N* w(a) = (Q,a?) and w*(a®) = (2, a*Q), then
do — A,

dw®

2.3 Classification of factors

A trace is defined as a weight w on A such that w(a) = w(uau*) Va € A" and for all
unitary u € A (this is equivalent to the condition w(aa*) = w(a*a) Va € A). If a von
Neumann algebra N is isomorphic to an algebra of a complex finite-dimensional matrices,
then the example of a trace is given by the ordinary trace A — tr(A) of the matrix. If
N = B(H), H is separable and Py, € P(N) is a projection operator on a subspace
M C H, then [every?] trace tr on Py satisfies tr(Py) = dim M.

In a consequence of the von Neumann double commutant theorem |[73|, the set
P(N) :={P € N | P2 = P*} of all projectors of a von Neumann algebra N generates
N, what is a remarkable property, because the general C*-algebras may even have no
non-zero projectors. This result has led von Neumann and Murray to classification of von
Neumann algebras A based on the analysis of the properties of P(N) [46, 47, 74, 48, 75].
In particular, the notion of trace on a von Neumann algebra allows to provide a classifica-
tion of all von Neumann algebras which are factors, by evaluation it on a set P(N) C N
of all projections generating /. A factor von Neumann algebra A is called to be of one
of the following types iff there exists the dimension function ® on N which is a trace
taking the corresponding values on the elements of P(N):

e type I, iff UPGP(N) o0(P)=4{0,1,2,...,n},
o type I iff UPeP(N) o(P)=4{0,1,2,...,00},
o type 11 iff Upcpn) 2(P) = [0,1],

o type Il iff Upep(n) 0(F) = [0, 9],

e type IIT iff Jpcp(p 0(P) = {0, 00}
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The classification of factor plays and important role, because:

1) every factor von Neumann algebra possesses a unique (up to a multiplicative con-
stant) trace such that the trace of non-zero projection is non-zero,

2) every factor von Neumann algebra is of one of above types,

3) due to von Neumann’s theorem [75], every von Neumann algebra is uniquely iso-
morphic to a direct integral of factor von Neumann algebras (the construction of a
direct integral of von Neumann algebras, given in [75], is similar to the construction
of the direct integral of Hilbert spaces).

For type I, and type II; the trace 0 is finite, normal, and faithful; for type I, and
type Il it is semi-finite, normal and faithful, while for type III there exists no normal,
faithful and (finite or semi-finite) trace. A von Neumann algebra is called: semi-finite
iff it admits a normal faithful semi-finite trace; finite iff it admits normal faithful finite
trace. Hence, a von Neumann algebra is semi-finite iff it contains no type III factor.

A factor von Neumann algebra is called: discrete iff it is of type I; continuous iff it
is of type II or III; purely infinite iff it is of type III. A von Neumann algebra is called
sema-finite iff it does not contain any type III factor.

Every type I, factor is isomorphic to the algebra of complex n x n matrices, while
every type I, factor is isomorphic to the algebra 2B(?) on a separable Hilbert space.
Every type Il factor is a tensor product of some type I, factor and some type II;
factor. A factor von Neumann algebra is called hyperfinite iff it contains a sequence
of finite-dimensional von Neumann algebras {N;} such that {{J,NV;} is dense in A in
weak-* topology. There exists the unique hyperfinite factor von Neumann algebras of
type I, (for each n separately), I, II;, Il and Il ¢j0,1) (to be defined below). A unique
hyperfinite type Il factor is equal to a tensor product of the unique hyperfinite type
I, and type II; factors. Every type III factor is equal to a crossed product N' x R of a
type I, factor with R (in particular, the unique hyperfinite type I1I; factor is a crossed
product of a unique hyperfinite type Il factor with R).

The GNS representation 7, is irreducible iff w is pure. If 7, (A) is of type II or type
IIT factor, then w cannot be pure and there exists no unitarily isomorphic representation
7w, (A) such that a cyclic vector €, € H,, would be unitarily transformed to some
Y € H, and €2, would be a GNS representative of a pure algebraic state w.

Recall that the space of trace class operators over a Hilbert space H, denoted
B1(H), is defined as the completion of the set

{A e B(H) | dimran(A) < 0}
in the norm |A[, := tr(|VA*A|). If N is a von Neumann algebra acting on H then

weSWN)NN, < 3lpe B (H) such that: (9)
p>0,trp=1, w(-) =tr(p-).

An example of algebraic state on a von Neumann algebra that is not normal is the one
defined on the algebra B(Ls (R, dz)) by the [Dirac ‘eigenstate’|. If dim H = oo, then there
exist pure algebraic states ¢ on B(H) such that there does not exist any £, € H such
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that ¢(A) = (€4, A&y) VA € B(H). If the GNS representation 7,(A) of a C*-algebra A
is type II or type III factor, and if w € S(A) is a pure algebraic state, then there exists
no &, € M, such that w(A) = (&, Aé,) VA € my(A).

The modular automorphism plays a crucial role in the structure of type III factors,
because the algebraic states w(-) related with these factors cannot be represented in
the form of trace tr(p -) with some density operator p [but this seems to be in
contradiction with (9)!]. In this case, the equation tr(pry) = tr(pyz) is meaningless
and w(zy) = w(yx) does not hold. However, this equation can be replaced by more
general form w(xy) = w(yo¥(x)), where 0¥ is a modular automorphism o“ with t = i,
provided oy, = id. In this sense, the modular automorphisms measure the amount of
non-traciality of the algebraic states.

In order to understand more precisely the meaning of modular evolution, we have
to consider its relationship with the classification of factors. Let us define first, for any
C*-algebra A, the group AutA of all automorphisms of A, and the group IntA of all
inner automorphisms of A, which are defined as such o € Aut A that there exists a
unitary operator U € A satisfying

a(A) = UAU* VA € A.

Although U, (t)AU(t) € N Vt € R, the relationship U,(t) € N holds only if N is
semi-finite. Hence, consideration of type III factors implies the presence of the non-inner
modular automorphisms (that is, A” ¢ N'). Connes [9] has shown that the modular
automorphisms classify completely the x-automorphisms of factor von Neumann alge-
bras, in the sense that the non-inner modular automorphisms are the only non-inner
x-automorphisms of factor von Neumann algebras.

Consider the spectrum sp(A,) of the modular operator A, and the modular spec-
trum sp(N) of a von Neumann algebra N, defined by

sp(N) = ﬂ sp(Ay)-

WEWH(N)

The spectrum sp(A,,) measures the periodicity of the modular automorphism group o¥’ =
adA®. If sp(A,) = {1} then 0% is equal to identity for every ¢+ € R. The modular
spectrum sp(N) is an algebraic invariant characterising the von Neumann factor. If A/
is a factor of type I or II, then sp(N) = {1}. If NV is a type III factor, then it is called

o type III iff sp(N) = {0,1},
o type III, iff sp(N) = {0} U{\" | n € Z, X €]0,1]},
e type IIT iff sp(N') = [0, o0
Moreover, if N possesses a cyclic and separating vector €2, then the conditions
o sp(N) = {1},
e oy eIt N Vt € R,

e N is semi-finite,
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are equivalent. This implies that for non-type III factors the modular automorphism
reduces to inner unitary automorphism, while for type III factors it is not inner, that
is, unitary A’ induced by state w, do not belong to N. It is then a remarkable fact
that for von Neumann factors the modular automorphisms are the only possible non-
inner automorphisms. More precisely, the modular automorphisms define a canonical
homomorphism

o0 :R — OutA := AutA/IntA.

3 Automorphisms and their representations

Within the frames of the Hilbert space based approach to mathematical foundations of
quantum theory the temporal behaviour of quantum models is described primarily in
terms of one-parameter group (or semi-group) of unitary linear operators in the Hilbert
space.® Specification of this unitary group, and, more generally, specification of any
group of unitary symmetries of a given quantum theoretic model, is provided usually by
specification of an infinitesimal generator of this group. If a given one-parameter group of
unitary linear operators is considered as providing the description of temporal evolution,
then its self-adjoint generator is called a hamiltonian. It is specified either in algebraic
way, as a part of algebra under consideration, and only later equipped with a specific
quantitative representation (which is quite often built upon the properties of a given
hamiltonian or all given algebra), or it is postulated directly in the quantitative form
within the given fixed representation.

It is important to note that the temporal behaviour of quantum theoretic model that
is given by the group of one-parameter unitary operators obtains a definite quantitative
character only

1) by the use of spectral measure that bijectively corresponds to the generators of this
group,

2) by passing to a spectral representation associated with this group.

But the choice of particular spectral representation depends on the additional choice of
the density operator which (together with a spectral measure) defines the probability
measure underlying this representation. This means that the quantitative description of
temporal behaviour of quantum theoretic models depends crucially not only on the choice
of hamiltonian, but also on the choice of density operator.

3.1 (C*-automorphisms and derivations

In principle, the main shift provided by an algebraic approach is the change in emphasis
from the abstract Hilbert space H to the abstract C*-algebra A, which leads to considera-
tion of *-automorphisms o € Aut.A and representations G 3 g — o, € AutA of groups G
in the role of main mathematical objects used for description of linear temporal evolution

6The arbitrary decision to consider the unitary Schrédinger type temporal evolution as having primary
importance, and to consider the non-unitary von Neumann—Liiders type temporal evolution as having
secondary importance is the reason why the latter and not the former is considered as ‘problematic’.
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and symmetries of the quantum models. The consideration of groups of *x-automorphisms
of a C*-algebra instead of groups of unitary operators on the given Hilbert space is a non-
trivial generalisation, because for the given x-automorphisms {ay}eq there might exist
no unitary operators U(g) € A such that a,(A) = U(g)AU(g)* YA € A. Moreover, if
such group exists, it might be non-unique.

The uniqueness might be guaranteed on the level of representation. If 7, is the GNS
representation of A in B(H,,) with a cyclic vector €, then there exists exactly one family
U(g) of unitary operators U(g) : H,, — H., such that

Tw(ag(a)) = U(g)m,(a)U(g) ! Va € A
{ U(g)Q = Q.. ! ! (10)

It is called a unitary representation of a group .

Infinitesimal generators of groups of x-automorphisms are called derivations, and play
the role of algebraic analogues of hamiltonians. A derivation of a C*-algebra A is
defined as a map 0 : dom(d) — A, where dom(d) C A is a *-subalgebra such that for
every A, Ay € C and every A, B € dom(9)

1. 3(MA + XB) = \3(A) + A3(B),
2. 3(AB) = B(A)B + A¥(B),
3. 3(A)* = B(A).

This can be understood as a definition of an algebraic derivative (differential) of a -
automorphism of A. In order to equip derivations with the definite quantitative mean-
ing, one needs to relate them to the properties of operators in a concrete representation
(namely, the properties of self-adjoint hamiltonian operators generating the corresponding
unitary implementations of these x-automorphisms). However, this can be done uniquely
only if the derivation is bounded and if the *-automorphism is norm continuous,” which
puts too strong limitation on possible particular quantitative models that can be specified
uniquely with the help of derivations [6, 54|. This leads to weakening of the continuity
properties of x-automorphisms, but then the notion of derivation, as determined only by
an algebra and *x-automorphism, lacks enough structure in order to uniquely specify its

"For any C*-algebra A one has dom(3) = A iff 0 is the generator of a norm continuous one-parameter
group R 3 ¢t — «a; € AutA of x-automorphisms of A. If dom(d) = A, then 8 is bounded and for any
representation m of A there exists H = H* € w(A)®**® such that

m(ai(A)) = e r(A)e ™™ VA € AVt ER.

In particular, if 9 is a derivation on a W*-algebra N and dom(d) = N, then 0 is bounded and there
exists H = H* € N such that
0(A) =i[H,A] VAeN.

For example, if R 3 ¢ — U(t) is a strongly continuous one-parameter group of unitary operators such
that U(t)NU(t)* C N Vt € R, then the family of maps

N 3 Avs ay(A) = U AU (1)*

is a weak-* continuous group of *-automorphisms of ' whose generator 0 has the form 9(A) = i[H, A],
where H = H* is a self-adjoint generator of the group U(t).
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quantitative representation. In order to provide a refined quantitative characterisation
of the properties of temporal behaviour of quantum theoretic model using the hamilto-
nian operator that corresponds to a given x-automorphism, one needs to impose several
restrictions on the derivation and to determine several additional properties of represen-
tation using conditions imposed on the algebraic states (see [6] for details). As we will
see, the introduction of an algebraic state as a structural element used to determine the
concrete temporal behaviour of the given quantum theoretic model becomes crucial.

For example [6], a given derivation 0 of a C*-algebra (or, respectively, a factor TW*-
algebra) A corresponds uniquely to a strongly continuous (or, respectively, o-weakly
continuous) one-parameter group of s-automorphisms of A iff it satisfies the following
conditions:

1. 0 is densely defined and closed in the respective topology,
2. dom(90) is a unital *-subalgebra of A,

3. 9(I) =0,

4. (I+ X0)dom(9) = A VA € R\{0},

5. (I4+ A\0)dom(d)* C dom(d)™.

This provides a unique link between the derivation and the x-automorphism, but leaves
open the issue of unique specification of a corresponding quantitative hamiltonian. This
can be done in may different inequivalent ways. Let us present two of them.

If 0 is a derivation of a C*-algebra A C B(H), dom(9d) C A is a *-subalgebra, Q2 € H
is a unit vector cyclic for A, and w(-) := (€2, - Q) is an algebraic state, then the condition

Jc > 0VA € dom(d) |w(B(A))]> < e/w(A*A) + w(AA*) (11)

implies that there exists a (not necessarily unique) symmetric operator H on #H such that

{ 0(A)¢ = i[H, Al¢ V¢ € dom(H) VA € dom(9), (12)

dom(d)dom(H) C dom(H).
For another example, assume that 0 is a derivation of C*-algebra A that is a generator
of a strongly continuous oy € Aut A, and let w € S(A) satisty w(d(0)) = 0 VA € dom(9).

Then
{ mu(0(A))€ = i[H, m,(A)IE VE € m,(dom(D))62,
7w(dom(9))Q, C dom(H),

where (H,, 7, Q) is @ GNS representation of A generated by w and H is a self-adjoint
generator of a one-parameter group of unitary transformations U(t) that uniquely corre-

sponds to a; by
{ (e (A))

U(t)Q, Zq..

which holds for all A € A and all t € R.
However, if the algebraic states become included in the characterisation of the quan-
titative generator of unitary temporal behaviour, then one has to note that there exists

Ut)ma (AU ()", (13)
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another self-adjoint operator that generates the quantitative representation of a given
x-automorphism. This operator is called a liouvillean, and it is uniquely determined by
a given triple of C*-algebra A, its x-automorphism 7 € AutA, and an algebraic state
w € S(A) or a standard representation (H,,J,11).> As opposed to hamiltonian, it
has remarkably general uniqueness properties, which do not require the passage through
derivations and additional analytic conditions that constrain derivation and algebraic
state. In consequence, the algebraic approach renders the notion of a hamiltonian less
relevant then the notion of a liouvillean.

The first idea about relationships and differences between liouvilleans and hamilto-
nians in their role of generators implementing the x-automorphisms of algebras can be
obtained by consideration of the following examples:

1. If N is a von Neumann algebra on H with a cyclic vector € and if a derivation 0
of N satisfying (12) is implemented by a self-adjoint (but not necessarily bounded)
operator H such that 2 € dom(H) and H2 = 0, then the condition

Ne ™ = N VYt e R
is equivalent to: '
e e N VteR

if H>0, or to . .

AGHAG” = H Vs € R,
if 2 is separating for N, dom(d) = {A € N | i[H, A] € N}, dom(d)Q2 C H is a core
subspace for H, and Ag is a modular operator associated with (N, ).

2. Let the one-parameter group of unitary operators U(t) := e € N with self-
adjoint H be implementation of the corresponding *x-automorphism « on a von
Neumann algebra A. If A is in standard representation (H,m, J,II), then there
exists also another unitary group V() associated with s-automorphism «, uniquely
determined by the condition V' (¢)IT C II, and satisfying

VAV (1) = as(A) = U AU(1)*,

but with V(t) # U(t). [If a von Neumann algebra N is semi-finite| then the self-
adjoint generator K of V() is related to the self-adjoint generator H of U(t) by

K=H-JHJ.

The generator K is an example of a liouvillean operator, defined below.

8This operator is not called a ‘hamiltonian’, because in general it can have a spectrum that is not
bounded from any side, while the notion of ‘hamiltonian’ is usually understood as referring to a self-
adjoint operator with non-negative, or at least bounded from below, spectrum.
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3.2 Liouvilleans

In this subsection we will recall some notions and properties from the theory of liouvilleans
[54, 19]. A representation of a locally compact topological group G in the group
AutA of all x-automorphisms of a C*-algebra Aisamap a: G 3 g — a(g) =: a, € AutA
such that

1. a(e) =1idy,

2. a(g1) o a(ge) = a(gr o g2).

A triple (A, G, a) is called: a C*-dynamical system iff A is a C*-algebra and the map
G 3 g+ ay(A) € AutA is a representation of G that is continuous in the norm topology
of A for each A € A (this is called strong continuity®); a W*-dynamical system iff
A is a W*-algebra and the map g — «,(A) is a representation of G that is continuous
in the weak-* topology of A (this is called weak-x continuity). For example, for the
Hilbert space H and a self-adjoint hamiltonian operator H on H, a triple (M, R, «), with
N = B(H) and ;(A) := e Ae ™H is a C*-dynamical system and a W*-dynamical
system.

If (M, R, a) is a W*-dynamical system with A in standard form (H, 7(N), J, II), then:

1. 3! one-parameter group of unitaries U(t), t € R, such that

m(a(N)) = U)m(NMU(t)" Vt € R,

2. d! self-adjoint operator L on H, called standard liouvillean, such that:
i) U(t) = ek,
i) eI C 11,
The uniqueness above holds up to unitary equivalence. The operator L satisfies also
iii) [J, L] =0,
iv) etEAeitl — A Wt € R,

Note that the definition of standard liouvillean L does not depend on the algebraic state w.
It depends only on the notions of a W*-dynamical system and a standard representation
of W*-algebra. However, if N is a separable W*-algebra and w is faithful and normal,
then the standard representation 7 is, up to unitary equivalence, the GNS representation
T

If w is a faithful state on a W*-algebra N, and (H,,, 7, ,,) is a GNS representation,
then €, is cyclic and separating for 7, (N'). From the Tomita-Takesaki theorem it follows
that the modular automorphism

o (A) = AJAA", Aem(N)™,

w )

9A strongly continuous group adU|(t) of x-automorphisms of von Neumann algebra N is also uni-
formly continuous (or norm continuous), that is, lim;_o |U(¢t) — I| = 0.
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forms a W*-dynamical system (w(N)**,R,0%), and the modular hamiltonian is equal to
standard liouvillean and reads

K=L,=—logA,.

The same holds also for (7, (N), R, 0*) if w is faithful and normal. In consequence, this re-
sult can be applied to the faithful KMS algebraic states. Let (A, R, &) be a W*-dynamical
system with an associated normal algebraic state w and a normal form (H,, 7, Qw, Ly),
let @(+) := (4, - ) be the normal extension of w to the von Neumann algebra m,(.A4)®®,
and let a;(A) := e'lw Ae~w denote the *-automorphism induced by a on m,(A)**. If
there exists a x-subalgebra B C A such that

1. m,(B) is o-weakly dense in 7, (A),

2. for § > 0 and VA, B € B there exist functions C 3 z — w(a.(A)B) € C and
C 3> z — w(Aa.(B)) € C that are analytic, respectively, for im(z) €] — 3,0]
and im(z) €]0, 8], bounded and continuous in the closure of these domains, and
satisfying

w(a(A)B) = w(Bayig(A)) Vt € RVA, B € B,

then
1. @ is faithful and KMS for & and 3,
2. (m(A)**, R, &,w) is a W*-dynamical system with 7(.4)*® in standard form,
3. the modular operator of & is given by Ay = e L,

with a self-adjoint operator L. By the theorem of Takesaki, if L, is a standard liouvillean
of a modular automorphism associated with w, then w is KMS with respect to a and
iff L is the standard liouvillean of o« and L = BL,,.

3.3 Crossed products and dynamical systems

A covariant representation of a C*-dynamical system (A,G,«) is defined as a
triple (H,m,U), where #H is a Hilbert space, 7 : A — B(H) is a non-degenerate repre-
sentation of Aon H and U : G 3 g — U(g) € B(H) is a unitary representation of G on
‘H that is continuous in norm topology of B(H) and satisfies

m(a(g)(A)) = U(g)m(A)U(g)" VA€ AVg e G,

A covariant representation of a W*-dynamical system (N, G, «a) is defined in the
same way as a covariant representation of a C*-dynamical system, but with an additional
requirement that the representation 7 : N' — B(#) has to be normal. The notions
of *-dynamical system, covariant representation and crossed product are very closely
related: every C*-dynamical system defines a unique corresponding C*-crossed product,
every W*-dynamical system defines a unique corresponding crossed product, and non-
degenerate representations of each crossed product are in one-to-one correspondence with
the covariant representations of the original #-dynamical system. In what follows, we
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will restrict the discussion of this relationship only to W*-dynamical systems and the
associated crossed products.

Let (A, G, ) be a C*-dynamical system, let dg be a Haar measure on G, and let
M (g) be the [modular function| on G. The linear space C'(A, G) of continuous functions
f: G — A with compact support can be equipped with the structure:

(zy)(g) := /G dha(R)a(h) (y(h~"g)),
z*(g) == M(g9)"eg)(z(g7"))",
2], = /G dhjz(h)].

The completion of this space in the topology of the norm ||, is a Banach *-algebra,
denoted by L;(A, G). This space can be equipped also with an alternative norm

|«] := sup |7 ()], (14)

where 7 varies over all representations of Li(A, G) in a given Hilbert space H. The C*-
crossed product of A and G with respect to « is defined as the completion of L;(A, G)
in the norm (14), and is denoted by A x, G.

Let (N,G,a) be a W*-dynamical system, let dg be a Haar measure on a locally
compact topological group G, and H be a Hilbert space. The linear space C(H,G) of
continuous functions f : G — H with compact support can be equipped with the inner
product

CH,G) x C(H,G) > (&,&) —
= (61, &) = [, dg (&(g), &(9)) € C.

The completion of C'(H, G) in the topology of the norm defined by this inner product is
a Hilbert space Lo(H, G, dg). The equations

(mo(2)€) () == o, " () (),
(uo(9)€)(h) := E(g " h),

define a normal faithful representation my of N in B(H) and a unitary representation wug
of GG in ‘H that satisfies the covariance equation

uo(g)mo(w)uo(g)” = Wo(ag(x)%

and is continuous in the norm topology. The crossed product of N' by G with respect
to « is defined as a von Neumann algebra on Ly(H, G, dg) generated by mo(N') and uy(G)
and is denoted by N x,G. An example of such crossed product was given in the previous
subsection, with G = R and « = 0% (the modular automorphism group).

The one-to-one correspondence between non-degenerate representations of crossed
products and covariant representations of corresponding *-dynamical systems is given
as follows. If (H,m,U) is a covariant representation of a C*-dynamical system (A, G, «),
then the corresponding representation 7 of a C*-crossed product A x, G is given uniquely
by

#a) = [ dgn(ala)Uta). « € CA.G)
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If N x,G is a crossed product, then the corresponding covariant representation of the
original W*-dynamical system (N, G, «) is explicitly given in the definition of the crossed
product N x, G, and is provided by the non-degenerate representation (H,mo, \):

§ = /G dgmo(z(g)A(g), = € C(H,G).

An important change related by this shift of perspective is consideration of the sym-
metries encoded by s-automorphisms of a C*-algebra not in terms of the invariance
properties of the algebra, but in terms of the algebraic invariance properties of the space
of algebraic states on this algebra. Recall that if « is a *-automorphism of A, then an
element w € S(A) is called tnvariant with respect to « iff woaw = w. The space of all alge-
braic states invariant with respect to « is denoted by S*(A). If a: G 3 g — a(g) € AutA
is a fixed representation of a group G, then the space S®(A) is denoted also by S¢(A).
If oy, = a(g) is a representation of a group G and if G 3 g — w(ay(A)) is continuous
VA € A, then SY(A) C AB is a non-empty, convex and compact in weak-* topology.
This holds, in particular, for every W*- and C*- dynamical system.

A quantum dynamical system is defined as a quadruple (A, G, ,w), where A is
a C*-algebra, G is a locally compact topological group, a : G 3 g — «a, € AutA, and

weSHA) ={we S A) |G g w(A*ay(A))
is continuous VA € A}.

The space S*(A) is a convex subspace of S%(A), closed in norm topology. Every C*-
dynamical system is a quantum dynamical system for any w € S*(A), and every W*-
dynamical system is a quantum dynamical system for any w € S*(A)NA.. If (A4, G, a,w)
is a quantum dynamical system with G = R and (H,,m,,€),) is an associated GNS
representation, then 3! self-adjoint operator L, on H,, such that

{ (s (A)) = eltlom (A)e e Vi e RVA € A,

This representation of a s-automorphism extends to the group of x-automorphisms of
7,(A)®®, implemented by the same unitary operators e’l«. A normal form of a quan-
tum dynamical system (A, R, a,w) is defined as a quadruple (H, 7, 2, L) such that

1. w(A) = (0, AQ),

2. W(A>.. = Ha

3. m(ay(A))*® = etlm(A)**e M,
4. LQ = 0.

The GNS representation equips every quantum dynamical system with a normal form
that is unique up to unitary equivalence. The operator L, of this normal form is called
normal liouvillean.

The notions of standard and normal liouvillean associated with a given quantum
dynamical system coincide if the algebraic state w is invariant with respect to the *-
automorphism «. In such case, for any linear self-adjoint operator L on GNS Hilbert
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space H,, the conditions L€, = 0 (L is a natural liouvillean) and e“LII C II Vt € R
(L is standard liouvillean) are equivalent. More generally, if (A, R, o,w) is a quantum
dynamical system with a normal form (H,, 7, Qu, L) and if &(+) := (Qy,, - ) is faithful
on 7,(A)*®, then m,(A)*® is in standard form and the associated normal liouvillean of «
is also a standard liouvillean.

For example, if there is given a Hilbert space H and a self-adjoint hamiltonian operator
H on H, then a triple (N, R, ), with N := B(H) and a;(A) := ™ Ae ™ is a C*-
dynamical system and W*-dynamical system. Any given density operator p on H such
that e ™ pet — p defines w(-) := tr(p-) which is a normal algebraic state invariant
with respect to a. In consequence, the quadruple

(N, G, o, w) = (B(H), R, ™ . e tr(p.)) (15)

is a quantum dynamical system. If H is separable, then the associated standard liouvillean
(equal to associated normal liouvillean) is given by

el A = e e Mty A € B(H).

However, if H has purely continuous spectrum, then B, (H)N{H}* = 0, hence there exists
also no density operator satisfying e " pe*H = p and then (15) does not form a quan-
tum dynamical system, so there exists no normal liouvillean associated to (N, G, o, w),
but the standard liouvillean still can be considered.

4 Non-commutative integration

The Radon—Bourbaki theory [55, 50, 5| of integration is equivalent under some weak con-
ditions [4] to the Daniell-Stone abstract theory of integration on the commutative Stone
vector lattices [16, 17, 18, 61, 62]. Moreover, while the theory of integration based on the
notion of measure on space cannot be directly generalised to the case of non-commutative
algebras, because it lacks the appropriate notion of space that could be subjected to eval-
uation based on measure. On the other hand, the direct non-commutative generalisation
of the theory of the Daniell-Stone integrals on the commutative Stone vector lattices is
possible, and it is provided by the theory of semi-finite normal weights on W*-algebras.

The theory of integration on W*-algebras has a long history, which can be divided
roughly into three stages. Segal [57, 58, 59|, Dixmier |20, 21|, Dye [22]|, Ogasawara and
Yoshinaga [51], Kunze [43], Stinespring [60], Nelson [49] and Yeadon [79] have developed
a theory of integration on the semi-finite von Neumann algebras provided by faithful
normal semi-finite traces. The extension of the non-commutative integration theory to
the arbitrary von Neumann algebra N equipped with arbitrary normal faithful semi-finite
weight w became possible only after development of the Tomita—Takesaki modular theory
[68, 69, 63] together with the Takesaki duality for crossed products of the von Neumann
algebras by locally compact abelian groups [64]. First construction of the general theory
of non-commutative integration for arbitrary von Neumann algebras was provided by
Sherstnev and Trunov [?, 7, 7, 7, ?| (see also [?|). However, this theory allowed only
the construction of non-commutative L; and Ly spaces, with no clear extension to full
theory of non-commutative L, spaces. First construction of the general non-commutative
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L, spaces L,(N,w) was given by Haagerup [34] (see also [66]). In his approach, based
on crossed products [64] and operator valued weights [35, 36|, the non-commutative L,
spaces are represented as Banach spaces of closed densely defined operators, but acting
on different Hilbert spaces for each p. This result was remarkable but not completely
satisfactory. Later, Trunov |70, 71], Connes [12] and Hilsum [37]|, Araki and Masuda
[3, 45], Kosaki [?] and Terp [67]|, Zolotaryov [80, 7|, and Tikhonov [?]| have developed
several different constructions of non-commutative L, spaces associated with N and w.

In particular, Connes and Hilsum have defined L,(N,w®) spaces with respect to a
faithful normal semi-finite weight w® on N® as Banach spaces of closed densely defined
operators acting on a single Hilbert space, Terp, Zolotaryov and Kosaki have defined
L,(N,w) as functional analytic interpolation spaces between N, and N, Araki and Ma-
suda have defined L,(N,w) using standard form of N on a single Hilbert space, while
Yamagami and Izumi have considered the extension of the construction of L,(N,w)
spaces for p € C. The equivalence of some of these approaches (reflected in the isometric
isomorphisms between the non-commutative L, spaces in particular formulations, see...),
together with the discoveries of remarkable algebraic structure underlying the structure of
non-commutative L, spaces and its relationship with the crossed products by Woronowicz
[77] and Yamagami [78], as well as the extension of the Kosaki-Terp approach to complex
case by Izumi [38, 39, 40| have posed the problem of formulation of the canonical theory
of non-commutative L, spaces, which would unify all these approaches. This problem
has been solved by Falcone and Takesaki [26], marking the third stage of development of
the theory.

4.1 Measurable operators

For the purpose of the following discussion, let us recall some facts about polar decom-
positions of possibly unbounded operators. The closed densely defined linear operator
a : dom(a) — H is called: self-adjoint iff a = a* and dom(a) = dom(a)*; positive iff
(a&, &) > 0V¢ € dom(a). If a is positive, then one denotes it by a > 0. If a > 0, then the

operator
b= / E*(\)VA
sp(a)

is a unique positive operator satisfying b*> = a, and is denoted by b =: a'/?2. For every
closed densely defined linear operator = : dom(x) — H, the operator x*x is self-adjoint
and positive, hence

1/2

2| := Varr = E**(A)VA
[0,00]
is a unique positive operator satisfying |z|*> = z. Moreover, every closed densely defined
operator z can be uniquely decomposed in a form z = v|z|, called a polar decomposition
of z, where v is a partial isometry.

Let AV be the semi-finite von Neumann algebra acting on H and let 7 be a fixed faithful
normal semi-finite trace on N. A linear operator = : dom(x) — H is called affiliated to
N iff [z, u] = 0 for every unitary element u € N'*. The space of all operators affiliated to
N is denoted aff A'. A closed densely defined linear operator z : dom(x) — H with polar
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decomposition = = v|z| is affiliated to A iff any of the following equivalent conditions
holds:

o [u,z] =0V unitary u € N,
e [u,|z|] =0 and [u,v] =0V unitary u € N°,
e v € N and all spectral projections of |z| belong to N,

A closed densely defined linear operator z : dom(x) — H is called 7-measurable |58, 59|
iff any of the following equivalent conditions holds:

e I\ >0 7(E* (), +00])) < o0,
e 3P =P*=P? e N such that 7(I — P) < oo, PH C dom(x), and |zP| < occ.

The space of all T-measurable operators affiliated to A is denoted by 9(7). For z,y €
M(7) the algebraic sum z 4+ y and algebraic product zy may not be closed, hence in
general they do not belong to 91(7). However, their closures (denoted with the abuse of
notation by the same symbol) do belong to 9(7). Moreover, I € (7). Hence, 91(7) is
a complex unital x-algebra, with sum and multiplication defined by closures of algebraic
sum and multiplication [49].

4.2 Haagerup’s integration theory

Now we pass to Haagerup’s theory. Let N = N %, R, where N is any von Neumann
algebra, w € Wy(N), while ¢ is a modular automorphism group induced by w on N.
The Takesaki duality for crossed products of von Neumann algebras [64] implies that N
is equipped with a one-parameter automorphism group s — 6%, s € R, which is dual to
o“ on N in the sense that

s

(N H gw R) N gw R %N@ %(LQ(R, dx))

The von Neumann algebra N is a subalgebra, of N, with an embedding N' — N charac-
terised in terms of 6% by

reN < (VseR 6“x)=1) Ve e N.

The von Neumann algebra N s always semi-finite, hence it can be equipped with a
faithful normal semi-finite trace 7. A matural trace 7 on N is defined by

TogY =e °T. (16)

The structure of A is independent of the choice of w up to a x-isomorphism preserving
the group 6% and the natural trace defined by (16) [72, 77]. These constructions allow
to define the non-commutative L, spaces L,(N,w) associated with any given N and w.
Let 7 denote the natural trace on N, associated with w via ¥ and (16), and let 931(/\7 T)
denote the completion of Nin 7- topology. This means, in partlcular that if some Hilbert
space H representing N is chosen, im(/\f 7) will be represented as a space of all closed
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densely defined T-measurable operators affiliated with A/. Let the extension of o?, s € R,
from N to QJT(N ,7) be denoted, with the abuse of notation, by the same letter. Then
the algebraic part of the structure of non-commutative L, (N, w) space, where p €]0, ool
is defined by )

L,(N,w) = {z e MWN,7) | 6“(x) = e rx}. (17)

The space Lo (N, w) is defined as equal to N'. The space 9)?(]\7 ,T) is sometimes denoted
by Lo(N,w), however we will not consider it as a non-commutative L, space, but rather
as a ‘container’ for all these spaces. Every space L,(N,w) is a self-adjoint linear subspace
of M(N, 7), closed under left and right multiplication by the elements of V. If z = v|z| €
M(N,7), then

r € L,(N,w) <= (veN, |z| € L,(N,w)).

All spaces L,(N,w) inherit the 7-topology of ?JJT(N ,7), and all are sequential spaces with
respect to it. Haagerup [32] has shown that there exists a linear bijection

N, 9(bn—>h¢€L1(J\/',w) (18)

preserving the positivity, conjugation, polar decomposition, and the action of N. In
particular, if ¢ = u|¢@| is a polar decomposition of ¢ € N,, considered as a linear form on
N, then hy = uhg is a polar decomposition of hg considered as a closed densely defined
operator. If a weight ¢ is normal semi-finite but unbounded, then ¢ — hy defines a
map to the space M (N) € M(N), where M(N) is a space of all closed densely defined
operators affiliated with A/ (which do not have to be 7-measurable), while D! (N) is its

~

subspace consisting of such z € M(N) that satisfy

0 (x) =e°x Vs € R.

s

The space L;i(N,w) can be equipped with a bounded positive linear functional Tr :
Li(N,w) — C such that

Vo € N, Tr(hy) = ¢(I) = [¢

Ne*

This allows to define the norm |-, on Li(N,w) by the corresponding norm ||, on N,:

Vo € Li(N,w) |], == Tr(|z]) = |7 (|=))]

N‘*‘

The Mazur map N* 2 x + a? € N7, p €]0, o0, extended by continuity to MN,7) >
x — zP € M(N, 1), enables one to define the corresponding norm (for p € [1,00[) and
p-norm (for p €]0,1[) by

Ve MWN,7)" z € L,(N,w) < 2P € [1(N,w),
Vo € LN, w) |, = |lzly”,

where M(N, 7)* 1= {a*z | £ € M(N, 7)} is a positive cone of M(N, 7). The Haagerup
non-commutative L, space is defined as the completion of L,(N,w) in the topology
generated by || ,, and denoted with the abuse of notation, by the same symbol. For every

p € [1,00][, Ly(N,w) C M(N, 7). For %—l— % =1, p # oo, the linear form

LN, w) X Ly(N,w) > (h, k) v Tr(hk) = Te(kh) € C (19)
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defines the isometric duality pairing [, -] between L,(N,w) and L,(N,w), given by
LN, w) >z 2t = o, ] = Tr(x ) € LNV, w)?.
If A has no minimal projection and if p < ¢, then
Hom(L,(N,w), Ly(N,w)) = {0}.

The non-commutative Haagerup L, (N, w) space is isometrically isomorphic to a standard
commutative Riesz space L, only if p = 2 or if N is a commutative von Neumann algebra.

4.3 The Falcone—Takesaki core algebra

In what follows, we will often identify the WW*-algebra A/ with its standard representation
von Neumann algebra 7(N') on the standard representation Hilbert space H(N) [33].
Every W*-algebra A has a unique standard representation, up to a unitary isomorphism.
This representation is faithful (ker(w) = {0}) and it is unitarily isomorphic with the
Gel'fand-Naimark—Segal representation [56] for a pair (N,w), whenever w € N or
w € Wy(N). While the set N is non-empty iff A" is countably finite (i.e., it is isomorphic
to a von Neumann algebra possessing a cyclic and separating vector), w € Wy(N') exists
for every W*-algebra N.

The crucial element of the Falcone-Takesaki theory |25, 24, 26|, allowing further
canonical construction of non-commutative L,(N) spaces, is the core von Neumann al-
gebra N associated functorially to any von Neumann algebra A. The structure of N is
designed to include the elements of A" and Wy(N') on equal footing'®, and it grew up as
a refinement of the earlier results of van Daele 72|, Woronowicz |77|, Connes [11], and
Yamagami [78].

For z,2' € N, w,w’ € Wy(N), one defines the equivalence relation ~; on N'x Wy(N)
by

(r,w) ~ (2, w') <= 2/ = z[Dw : Du'};. (20)

The properties of Connes’ cocycle (the chain rule) imply that (20) is an equivalence
relation in N X Wy (N). The equivalence class (N x Wy(N))/ ~; is denoted by N (¢), and
its elements are denoted by zw™. Definitions (zw +yw®) := (z+y)w", AM(aw™) := (A\zx)w™
for A € C, and |zw™| := |x| equip N (t) with the structure of the Banach space, which is
isometrically isomorphic to the Banach space structure of N. One can translate between
N (t) for different ’s using the maps

Nt x N(t') 2 (zw, yw') = 209 (y)w' ) € N(t+ 1),
N(t) 3 zw™ — 0¥, (x)*w™ € N(—t).

By definition, N(0) is isomorphic to N also as a von Neumann algebra. However, for
t # 0 the spaces N (t) are not von Neumann algebras. The product topology on N' x R

10Tn order to obtain a rich theory of integration, one needs to guarantee the existence of inverse of the
Radon—Nikodym quotient. The generalisation of the Radon-Nikodym quotient to the non-commutative
setting is provided by the Connes cocycle, and its invertibility is guaranteed if the weight is faithful
(from the perspective of the GNS representation, this condition implies that the Gel’fand ideal is empty)
[9, 53].
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(with N endowed with the weak-* topology or Arens-Mackey topology, but not with
norm topology) allows to use the bijections N () 3 z¢" — (z,t) € N x R to form Fell’s
Banach *-algebra bundle F(N) := [],.g N(t) over N x R [27, 28].

This means that one can consider the Fell bundle F(N') as a natural algebraic structure
which enables to translate between elements of N'(¢) at different ¢ € R. In order to recover
an element of the Fell bundle at a given ¢ € R, one has to select a section T : R — F(N)
of F(N):

t e o(tw' = (1),

The set of sections of F(N) can be equipped with a multiplication, involution, and norm,

(Zy)(t) == fR dra(r)y(t —r) (fR draz(r)o¥ (y(t — T))) W,
T (t) == T(—t)* = o (v(—t))"w",
|z] == [ drlz(r)],

forming this way a Banach *-algebra, called the bundle algebra, and denoted by A(N).

Our main interest now will be the action of this algebra on the suitably defined
‘bundle of Hilbert spaces’ over the line R. The construction of this bundle resembles the
construction of the bundle algebra, and is also based on a suitable equivalence relation.
Consider a Hilbert space H, line R, and two von Neumann algebras N and (N*)° related
to H. The algebra (N*)° is an opposite algebra of N*, defined as such von Neumann
algebra, which has the same elements as A'*, but the opposite multiplication maps (that
is, if a, b, ab, a* € N, then a°,b°, (ab)®, (a*)° € (N*)° and (ab)® = b°a°, but (a*)° = (a®)*).
The space H can be considered as a N-(N*)° bimodule, with the left action of N on
H given by ordinary multiplication from left, and with the right action of (AV*®)° on H
defined by

€a® :=al V¢ € H Va® e (N*®)°.

The equivalence relation
(11, @1, u1,01) ~¢ (72, P2, U, P2) (21)

on the set R x Wy(N) x H x Wy ((N*)°) is defined by the condition

(%) w = (%)u (D<P2)
ngl d902 Dgpl
where 71,79 € R, u1,us € H, ¢1, 2 € Wo(N), and 1, 02 : Wo((N*)°).
The equivalence class of the relation (21) is denoted by H(¢). Its elements have the

form 1
o' = ( : ) Ta
¥
Falcone and Takesaki have shown that 7(t) is a Hilbert space independent of the choice
of weights ¢1, ¢o, 1, 2 and of the choice of » € R. This enables to form the canonical

Hilbert space bundle over R,
6 =[]

teR
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and to form the Hilbert space of square-integrable cross-sections of &

H=T2%6) =T [#(1)
teR
The canonical Hilbert space bundle & is homeomorphic to H x R for any choice of
weight. The action of A(N) on H generates the core von Neumann algebra N. For
type I11; factors A the core N is a type Il factor, but in general case N is not a factor.
Falcone and Takesaki have shown that the assignment N +— N is functorial for any von
Neumann algebra N, and the structure of A is independent of the choice of a weight on
N. However, for any choice of a weight w on N there exists a unitary map

(H =TX[[H®) = Lo(H, R, dt) 2 H @ Ly(R, dt),
teR

such that | N
u,(§)(t) = () eH VEEH.

This map provides an isomorphism between the core von Neumann algebra N on H and
the crossed product N X, R on H ® Ly(R, dt), given by

The crossed product N x,« R acting on the Hilbert space Ly (H, R, dt) = H® Ly(R, dt)
is defined as the von Neumann algebra generated by the operators 7, (z) and u,,(t), which
are defined by equations

(o (2)€)(E) := 02 (2)&(1), (22)
(uo (E)E)(t) = &(t = 1), (23)
where z € N, t,t' € R, £ € Ly(H,R,dt). These two operators satisfy the covariance
equation
Uy (1) o (2 )y (1) = Tow (0 (2)). (24)
Rewriting the equation (23) as
(7 W E)(1) = £(t =),

we see that
uy(t) = eitVe, (25)

where V, := —i%. On the other hand, the equation (22) can be written as
(Mo (2)€) (1) = AZTAZE(L) = e we ™ H1e (1),

where K, is a modular hamiltonian of the modular operator A,. The covariance equation
(24) uniquely translates the automorphism of the crossed product algebra N x,« R into
the modular automorphism of the underlying von Neumann algebra N

e_itv“wgw (x)eitv“ = Myw (e_itKw xe“K“). (26)

Hence, there exists a bijective correspondence between the automorphism ad w,,(t) of the
unitary representation N X,« R of the core ' and modular automorphism o} of N.
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4.4 Non-commutative flow of weights

The one-parameter automorphism group of F(N),
Go(xg™) = e g™ Vae' € N(t), (27)

extends uniquely to a group of automorphisms &, : N = N. The automorphism &; pro-
vides a weight-independent replacement for a dual automorphism ¢} used in Haagerup’s
theory. It allows to define a grade grad(R) of a closed densely defined operator R affili-

ated with A as such v € C that
gs(R)=e¢ 7R VseR. (28)

If grad(R) = 0, then R is bounded, but if re grad(R) # 0, then R is unbounded. The
action of o, on N is integrable over s € R, and

Io(x) = / dst(x),

for x € N * is an operator valued weight from N to N (for details on operator valued
weights, see [35, 36, 25]). This allows to equip N with a faithful normal semi-finite trace
T,

7o(w) 1= lim oo L(p™ (14 ep™) " 2ap 21+ ap)712), (29)

This definition is independent of the choice of weight (7, = 7y Y, ¢ € Wy(N)), which
follows from the fact that

D7\ _ (D% (D2 (DY) _ _u(De\ e _
(52),- (Dsa)t(mz)t(w@);@ (B2), =1 vous €Wt

This allows to write 7 instead of 7,,. Moreover, 7 has the scaling property
Toog,=¢€ °T VseR. (30)

This allows to call 7 a canonical trace of ./S/ :

Falcone and Takesaki call the system (N,R,&,7) the non-commutative flow of
weights. It defines a functor from the category vINalso of von Neumann algebras (N\)
with isomorphisms as morphisms to the category FTflow of semi-finite von Neumann al-
gebras (V') equipped with one-parameter (R) automorphism group (&) scaling a faithful
normal semi-finite trace (7) according to (30), with morphisms given by such isomor-
phisms which preserve the scaling property (30). The restriction of & to the center 35 of
N provides precisely the Connes-Takesaki flow of weights (3, R, ), which is a functor
to the category CTHow of orbits of semi-finite normal weights under the inner automor-
phisms group Int(M) (for details, see [14, 15, 13, 65]).
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4.5 Non-commutative L,(N') spaces

Let 97 (/T/ ,7) denote the space of all 7-measurable operators of grade 1/p affiliated to
N (for details on measurable operators, see [58, 49, 66]), and let the set m}; C Nt be
defined as B

my = {z"y e N | |I;(z"2)| < o0, [I5(y"y)| < oo} (31)

Given a weight ¢ € Wy(N') and a canonical trace 7,
h':=[D(pol;): D7}, VteR (32)

defines operator valued maps ¢ — hy, on N, called the Haagerup correspondence [34, 78].
From the Pedersen—Takesaki non-commutative generalisation [53] of the Radon-Nikodym
theorem it follows that h, is a unique positive operator affiliated with A that satisfies

pols(-)=7(hy ). (33)

Hence, h, can be considered as (a reference-independent) ‘operator density’ of ¢ € N

Moreover, for any closed and densely defined positive operator R affiliated with N with
p = regrad(R) > 0 there exists a unique weight ¢ such that h, is of grade 1 and
h, = |R|*P. Given a polar decomposition of ¢ = u|yp| as a linear form, the weight ¢
is finite (J|(I) < oo) iff h, is T-measurable [49, 34|. In consequence, an assignment
R(¢) := uR(|p|) defines a unique extension of the Haagerup correspondence map to a
natural bijection (linear isomorphism)

N, 3w R(w) € M(N, 7). (34)

Falcone and Takesaki show that the integral of R € (N, 7), given by
/R = 7(a*?Ra'’?), (35)

for any a € mj_ such that I5(a) = 1 is well defined. While 7 takes only the +oo value
on non-zero elements of M (N, 7), the integral [ is finite. This allows to extend (34)

to an isometric isomorphism of Banach spaces, with the norm on 9! (K/ ,7) defined by
|R|, := [|R]|, and with |R(¢)|, = ¢(I). The duality pairing between Banach spaces N

and 9 (N, 7) that identifies N, with 9 (N, 7) is given by the bilinear form

N x (N, 7) 3 (2, R) v [z, Ry = /mR cC. (36)

The non-commutative L,(N') spaces for p € [1,00[ are defined as the spaces IMP(N)
equipped with, and Cauchy complete in, the norm

il ( [ 1) " Rew ) (37)

By (34) and (36), Li(N) = N,, and it is natural to define L..(N) = N = N(0), using
the definition (28) of grade with o4,(R) = R for grad(R) = 0. The space Lo(N) is
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isometrically isomorphic to the Hilbert space H of standard representation of N [33],
and the inner product on Ly(N),

LQ(N) X LQ(N) = (131,1’2) — <$1’x2>L2(N) = /l’;l’l € (C, (38)

allows their identification. For any choice of w € Wy(N) (or w € N), Ly(N) is unitarily
isomorphic to the GNS Hilbert space H,,.

By definition, all L,(N) for p € [1,00] are Banach spaces. These spaces are isomet-
rically isomorphic with the Kosaki-Terp, Araki-Masuda and Haagerup spaces L, (N, 1)
and with the Connes—Hilsum spaces L, (N, ¥*). The duality (36) extends to non-commutative
L,(N) space duality, given by the bilinear map

L,(N) % Ly(N) 3 (S, R) v [S, Rl = /SR ec, (39)

with 1/p+1/q = 1, where p € {z € C | re(z) > 0}. For p € C such that re(p) < 0,
one has L,(N) = {0}. This way the Falcone-Takesaki theory incorporates also Izumi’s
[38, 39, 40] complex extension of the weight-dependent Kosaki-Terp theory. Moreover,

The spaces L,(N) are uniformly convex and uniformly smooth for p €]1,00[. This fol-
lows from the isometric isomorphism with the Araki-Masuda and Kosaki-Terp L, (N, 1)
spaces, which were shown to be uniformly convex and uniformly smooth in || and [|,
respectively. N N
The spaces MP(N,7), p € C\ {0}, embed naturally into the x-algebra M(N,7T)
of all 7-measurable operators affiliated to N. Due to the properties of grade function,
the elements of 9 (N, 7) possess remarkable algebraic properties. The grade function
satisfies:
grad(R") = (grad(R))",
grad(SR) = grad(S) + grad(R),
grad(|R|) = re (grad(R)) = 1 (grad(R) + grad(R)*), (40)
re(p) < 0= Ly;,(N) = {0},
re (grad(R)) > 0 = |R|}/re(Erad(R) ¢ A+

where SR is the closure of SR, and the last property is understood via the bijection
between w € N and the corresponding h,, € L1(N). If ¢,¢ € N and 2,y € NV, then the
elements z¢” and y1* can be added and multiplied freely inside 9)?(/(/’ ,7) forall y,\ € C
such that re (y) > 0 and re (A\) > 0. This allows to use freely the algebraic operations on
real and complex powers of weights, using the following identities: if {R;}, € SJT(JV ,7)
and ), grad(R;) = 1 then

HRZ c Ll(N),

/Rl"'Rn:/Ran"'Rn—la

[By--- Bol <R[ Rl
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Hence, in particular, one can use the formal algebraic relations of A/ (¢), and rewrite the

Connes cocycle as
) ) Dw . )
A‘z’f Afzt — - — W'Lt(bfzt, 41

as well as rewrite the modular automorphism as
A teAl = 0% () = ¢ g (42)
This enables to write an inner product
N(t) % N(t) 5 ($¢it7y¢it) — <£L‘¢it,y¢it> — (y(lﬁlt)*(l'(lﬁlt) _ (bfity*x(bit — Uf(y*ﬁ) ceN.

In the Falcone-Takesaki theory the trace 7 and the algebra N are canonical and
independent of the choice of the particular weight on A, as opposed to the trace 7 and the
algebra N appearing in the Haagerup’s theory. This makes the equation (34) a canonical
generalisation of the equation (18). We will call the equation (34) the Segal-Haagerup—

Falcone—Takesaki isomophism. Because construction of L,(N') spaces as 9P (N, 7)
is completely determined by the non-commutative flow of weights, the assignment of
L,(N) spaces to von Neumann algebras N determines a functor viNaIso — ncL,Iso,
where ncL,Iso is a family of categories (indexed by p € [1,00]) consisting of L,(N)
spaces with isometric isomorphisms as morphisms.
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